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Abstract
Naturebuilds very complex systemsof mutually interactingandchangingmate-
rials. Computergraphicsattemptsto maptheserealworld phenomenaontosim-
pli�ed physics-basedmodels.Theobjectiveof this dissertationis to developnew
methodsfor physics-basedanimationof interacting�uids anddeformableobjects,
includingmeltingandfreezing,basedonauni�ed meshlessLagrangianapproach.

Discretizingand solving the equationsof motion using a meshlessparticle-
basedsystemhasseveral advantagescomparedto mesh-basedLagrangianand
Eulerian methods. Material propertiesare simply advectedwith the particles
and might changeas a function of time, the particles' position, and properties
of neighboringparticles. For strongdeformations,the spatialdiscretizationcan
beef�ciently adaptedwithout theneedfor complicatedremeshing.Furthermore,
grid-basedaliasingartifactsfrom the alignmentwith boundariesareavoided. A
majordrawbackof meshlessmethodsis the expensive computationof the parti-
cles'neighborhoodneededfor computingtheshapefunctions.In thisdissertation,
thebene�tsof meshlesscollocationmethodsareexploredfor stablyanimating�u-
idsandobjectswith arbitrarydeformations.

In ourframework, thedomainof amodelis representedby volumetricparticles.
WeexploretheSmoothedParticleHydrodynamicsmethodtostablyandef�ciently
solve thecontinuummechanicsequationsfor simulating�uids andelasto-plastic
objectsincluding fracturing and contacthandling. Basedon a uni�ed particle
metaphor, we presenta framework thatcombinessolidsand�uids, thusenabling
to simulateabroadrangeof effectssuchasviscoelasticmaterials,meltingsolids,
interactionsbetweensolidsand�uids, andmultiphaseeffectsbetweenliquid and
air suchasbubblesand foam. To improve the performance,we presenta new
multiresolutionapproachthatadaptsthediscretizationof thedomaindynamically
to thecharacteristicsof thesimulation,while reducingtheoverall complexity of
thecomputations.

High quality animationsrequirea high resolutionsurfaceembeddedinto the
volumetric representation.We presentnew meshlessmethodsfor animatinga
point-sampledsurfacealongwith theparticles.Oursurfacemodelexploits thead-
vantagesof bothexplicit andimplicit surfacerepresentations.Geometricallycom-
plex surfacesof deformablesolidsareef�ciently animatedusinga rigid motion
invariantfree-formdeformationapproach.Additionally, surfacepotential�elds
canguidethesurfacedeformationsuchthat topologicalchangesarehandledim-
plicitly, makingthe modelsuitablealsofor �uid simulationsaswell asmelting
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Abstract

andfreezing.
In our researchwe found meshlessLagrangianmethodsfor the volume and

surfaceanimationto be most suitablefor the simulationof stronglydeforming
objects.Thesamplingof thephysicaldomainis adaptedin caseof extremedefor-
mationsor topologicalchangesusinga simpleandef�cient resamplingscheme.
Similarly, a point-basedsurfacehandlestopologicalchangesandstrongsurface
deformationsby adaptingthe point-samplingdynamicallywithout the needfor
maintainingtheconnectivity. We demonstratethecapabilityof our meshlessani-
mationframework on a largevarietyof examples,suchasthephysics-basedani-
mationof deformableobjectsrangingfrom stiff elasticto highly plastic,fractur-
ing of bothbrittle andductilematerial,contacthandlingof colliding deformable
objects,highresolutionanimationsof splashing�uids with bubbles,two-waycou-
pling betweensolidsand�uids, meltingsolidswith highly detailedandtextured
surfaces,solidifying �o wing liquids to elasticsolids,andviscoelasticliquidswith
differentphysicalcharacteristics.
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Kurzfassung
In der Natur existierensehrkomplexe Systemevon gegenseitiginteragierenden
undsichstetigveränderndenMaterialien. In derComputerGra�k wird versucht
diesePhänomeneausderreellenWelt aufeinsimpli�ziertesphysikalischbasiertes
Modell abzubilden.DasZiel dieserDissertationist neueMethodenzuentwickeln
um interagierendeFlüssigkeitenunddeformierbareObjekte,inklusiveschmelzen
und erstarren,nachphysikalischenGesetzenzu animieren,basierendauf einem
netzlosenLagrange-Ansatz.

Das BenutzeneinesnetzlosenpartikelbasiertenSystemszur Diskretisierung
undLösungvon denBewegungsgleichungenhatdiverseVorteilegegenübernetz-
basiertenLagrange-undEuler-Methoden:Materialeigenschaftenwerdeneinfach
mit denPartikeln mitgeführtund verändernsich in Abhängigkeit von Zeit, den
Partikelpositionen,und EigenschaftenandererPartikel. Bei sehrstarken Defor-
mationenkann die räumlicheDiskretisierungef�zient angepasstwerdenohne
ein komplizierteNeuvernetzungdurchführenzu müssen.Zudemwerdengitter-
basierteAliasing-Artefakte,diedurchdieAusrichtunganGrenz�ächenentstehen,
vermieden.Ein Hauptnachteilvon netzlosenMethodenist die teureBerechnung
der Partikelnachbarschaften,die benötigtwerdenum die Shape-Funktionenzu
berechnen.In dieserDissertationwerdendie Vorteilevon netzlosenCollocation-
Methodenerforschtfür einestabileAnimation von Flüssigkeitenund Objekten
mit beliebigenDeformationen.

In unseremSystemwird die Domänedes Modells mit volumetrischenPar-
tikeln repräsentiert.Wir untersuchendie SmoothedParticle HydrodynamicsMe-
thodeum die GleichungenderKontinuummechanikfür die Simulationvon Flüs-
sigkeitenund elasto-plastischenObjekten,inklusive Zerbrechenund Kontaktbe-
handlung,stabilundef�zient zu lösen.BasierendaufeinereinheitlichenPartikel-
Metapherpräsentierenwir ein SystemwelchesFestkörperund Flüssigkeiten
kombiniertund damit die Simulationvon einerbreitenPalettevon Effektener-
laubt, wie zum Beispiel viskoelastischeMaterialien, schmelzendeFestkörper,
Interaktion zwischenFestkörpernund Flüssigkeiten, und Multiphasen-Effekte
zwischenFlüssigkeiten und Luft wie zum Beispiel Luftblasen und Schaum.
Um die Berechnungsleistungzu verbessernpräsentierenwir einenneuenMul-
tiresolution-Ansatz, welcher dynamischdie Diskretisierungder Domänedem
Charakteristikumder Simulationanpasst,wobeigesamthaftdie Komplexität der
Berechnungenreduziertwird.
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Kurzfassung

Qualitativ hochstehendeAnimationen benötigeneine hochaufgelösteOber-
�äche die in die volumetrischeRepresentationeingebettetist. Wir stellenneue
netzloseMethodenzur Animation von punktbasiertenOber�ächenzusammen
mit denPartikeln vor. UnserOber�ächenmodellnutzt die Vorteile sowohl von
expliziten als auch impliziten Ober�ächenrepräsentationenaus. Geometrisch
komplexe Ober�ächen von deformierbarenFestkörpernwerden ef�zient ani-
miert,wozueinFree-form-Deformations-Ansatzbenutztwird derinvariantist für
rigide Transformationen.ZusätzlichleitenOber�ächen-Potentialfelderdie Ober-
�ächendeformationsodasstopologischeÄnderungenimplizit behandeltwerden,
weshalbdasModell auchfür Flüssigkeitssimulationensowie für die Animation
von SchmelzenundErstarrengeeignetist.

Die ResultateunsererForschungzeigen dassnetzloseLagrange-Methoden
für die Volumen- und Ober�ächen-Animationdann am Bestengeeignetsind
wenn die simulierten Materialien sehr stark deformiert werden. Das Sam-
pling der physikalischenDomänewird mittels einemeinfachenund ef�zienten
Resampling-Schemabei sehr starken Deformationenoder topologischenÄn-
derungenangepasst.Auf eineähnlicheWeisepasstsichdie punktbasierteOber-
�äche dentopologischenÄnderungenundstarkenOber�ächendeformationenan
indemdasPunktsamplingdynamischangepasstwird ohnedassdabeidieKonnek-
tivitäterhaltenwerdenmuss.Wir demonstrierendieFähigkeitenunseresnetzlosen
AnimationssystemsanhandverschiedenerBeispiele,wie z.B. die physikalisch
basierteAnimationvon deformierbarenObjektenmit Materialeigenschaftenvon
steif-elastischbis zu hochplastisch,dasZerbrechenvon sowohl sprödenalsauch
plastischenMaterialien,Kontaktbehandlungvon kollidierendendeformierbaren
Objekten,hochaufgelösteAnimationenvon spritzendenFlüssigkeitenmit Luft-
blasen,gegenseitigeKupplungvon Festkörpernund Flüssigkeiten,schmelzende
Festkörpermit hoch detailiertenund texturiertenOber�ächen,verfestigenvon
�iessendenFlüssigkeiten zu elastischenFestkörpern,und viskoelastischeFlüs-
sigkeitenmit verschiedenenphysikalischenCharakteristika.
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Chapter 1

Intr oduction
This chaptergivesan overview andmotivationof this dissertationandour con-
tributions. We brie�y discussthe advantagesof using a meshlessapproachto
solid-�uid simulationandthe objectivesof our work in Section1.1. The major
contributionsto thestateof theart in physics-basedcomputeranimationof solids
and�uids arelistedin Section1.2. Section1.3describesa high-level view of the
animationloop. An outline of the structureof the dissertationis given in Sec-
tion 1.4. Weprovidea list of publicationsthatresultedfrom ourwork onphysics-
basedanimationandpoint-basedrepresentationsin Section1.5,andacknowledge
ourcollaborators.

1.1 Motiv ation
Realisticanimationof physicalphenomenahasgainedincreasingimportancein
many �elds of computergraphics,including virtual surgery and the gameand
specialeffects industries. Typical examplesincludethe simulationof rigid and
deformableobjects,and�uids. Furthermore,in naturesolidsand�uids aremost
oftencoupled.Thus,for realisticsimulationsthe interactionbetweensolidsand
�uids needsto be modeled.This alsoincludesphasetransitionsbetweensolids
andliquids, i.e.,meltingandfreezing.

A variety of methodsexists for solving the equationsof motion in physics-
basedanimation.However, mostmethodsaresuitablefor simulatingeither�uids
or deformablebodies,but not both. Generally, thesemethodsfall into two cate-
gories:LagrangianandEulerianmethods.Mesh-basedLagrangianmethodssuch
asthe�nite elementmethodandmass-springsystemsaremostoftenusedto sim-
ulate deformablesolids, whereasEulerian methodsusing �nite differencesare
stateof theart in �uid simulationin computergraphics.This is dueto thecom-
plementaryadvantagesanddrawbacksof thesetwo approaches.In Lagrangian
methods,themeshmoveswith thematerialandthereforeautomaticallyadaptsto
the dynamicsof the simulation,for instancewhencompressingor stretchingan
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object. Furthermore,dueto the materialdescription,the boundaryof an object
is explicitly de�ned. This not only simpli�es the animationof the object's sur-
face,but alsothe interactionwith otherobjectsandtheenforcementof essential
boundaryconditions. Furthermore,it enablesthe simulationof complex effects
suchasfracturing.In contrast,Eulerianmethodslook at theevolutionof material
at �x ed points in space.Thus,changesof topologyarecapturedimplicitly and
evenextremedeformationscanbehandledstablyandef�ciently without theneed
for remeshingof the domainor taking careof degeneratedmeshelements.The
biggestdisadvantageof Eulerianmethodsis thattheboundaryof a �uid is notex-
plicitly de�ned, andthereforethesurfaceneedsto beadvectedwith thematerial
�o w. Furthermore,correcthandlingof boundariesandinteractingobjectsthatdo
not alignwith theEulerianmeshis challenging.

Eulerian-based�uids andLagrangian-basedsolidsareusuallycoupledby ras-
terizingthesolidontotheEulerianmeshto prescribevelocityboundaryconditions
on the �uid andpressureforceson the solid [CMT04,GSLF05,LIGF06]. How-
ever, this is problematicbecausethe discretizationof the solid introduceserrors
and it is dif�cult to guaranteethat �uid doesnot leak through[GSLF05]. Fur-
thermore,thetransitionfrom asolid into a �uid while meltingis verychallenging
becauseit requireschangingcontinuouslyfrom the Lagrangianto the Eulerian
representation[LIGF06].

MeshlessLagrangianmethods,so-calledparticle systems, exploit advantages
of bothmesh-basedLagrangianandEulerianmethods.As a Lagrangianmethod,
materialpropertiesareadvectedsimply with the particles. The boundaryof the
physicaldomainis de�ned explicitly by theparticles.Moreover, meshlessmeth-
ods can handletopologicalchangeswithout the needfor remeshing. A draw-
backof meshlesscollocationmethodsis that theparticleneighborhoodneedsto
be recomputedin every time stepfor adaptingthe shapefunctions,which is of-
ten the computationallymost expensive part in a simulation. Furthermore,the
non-interpolatingshapefunctionsrenderthe enforcementof essentialboundary
conditionsdif�cult.

To solve the aforementionedproblemof coupling�uids andsolids,we inves-
tigatemeshlessLagrangianmethodsbasedon SmoothedParticleHydrodynamics
(SPH) for both deformableobjectsand �uids, and their combination. Treating
both solidsand�uids with the samerepresentationsimpli�es handlingtheir in-
teraction,andrendersfreezingandmelting materialspossible.Furthermore,we
extendthe meshlesscollocationmethodsto incorporatefracturing,anddevelop
a multiresolutionapproachthatdynamicallyadaptsthe resolutionof theparticle
systemto thecharacteristicsof thesimulation.

Particle-basedmethodsrequirethede�nition or extractionof animplicit or ex-
plicit surfacefrom theparticles.While animplicit de�nition of thesurfacede�ned
by the particlescan handletopologicalchangesautomaticallyby construction,
thesurfaceresolutiondependson the(usuallycoarse)resolutionof theparticles.
Hence,an explicit surfacerepresentationis moresuitablefor the simulationof
highly detailedobjects. On the otherhand,�uid surfacesoften rapidly change
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their topology, which is hard to captureusing an explicit approach. In our at-
temptto unify solid-�uid animations,we investigatepoint-basedsurfacerecon-
structionmethodsthatexploit advantagesof both implicit andexplicit represen-
tations. They arethussuitablefor theanimationof both deformablesolidswith
highlydetailedsurfacesand�uids with smoothsurfacesthatchangetheirtopology
frequently, aswell asfor the (local) transitionbetweena solid and�uid surface
while meltingor freezing.

For engineeringpurposes,the focusof simulationmethodsis on accuracy. A
new methodis usuallytestedandcomparedwith exampleswhosesolutionscanbe
eithercomputedanalyticallyor areknown from experiments.However, analytical
solutionsoftenonly existsfor verysimpletestcases,andqualitativecomparisons
areusuallyrestrictedto 1D or 2D simulations. In computergraphicswe aim to
simulatehighly complex phenomenain 3D thatwouldbeprohibitive to modelby
hand,for instancefor virtual simulators,feature�lms, andgames.Furthermore,
in many applicationstheuserinteractswith theanimatedobjects.Thus,thefocus
is on stability, physicalplausibility, andspeed,whereusuallyquitebig timesteps
areused. At the sametime, the systemdesigneroften wantsto be ableto con-
trol the simulation,or even aimsto achieve non-physicalbehavior, for instance,
whenanimatinga �uid character[SY05,TKPR06]suchasthetar monsterin the
ScoobyDoo 2 feature�lm [WH04]. To ful�ll theserequirements,accuracy and
correctnessis oftentradedoff with computationalcomplexity.

1.2 Contrib utions
In thisdissertationwepresentmeshlessLagrangianmethodsfor thephysics-based
animationof both�uids anddeformableobjectsthatfracture,aswell astheinter-
actionbetween�uids andsolidsincludingmeltingandfreezing,basedonauni�ed
particlemetaphor. Themajorcontributionsare:

� a multiphase �uid approach for simulating two-way coupling between
liquids and air. Air particlesaregenerateddynamicallyat theliquid inter-
face. Surfacetensionis simulatedby modelingcohesionat the liquid-air
interface. Trappedair particlesturn into bubbles.Our multiphasemethod
enablessimulationof arbitrary�uid-�uid interaction.By samplinga solid
with particlesandtreatingit asa(rigid) �uid, thesameinteractionmodelas
for �uid-�uid simulationcanbeusedto simulate�uid-solid interactions.

� a meshlesscollocationmodelbasedon continuum mechanicsfor the an-
imation of elastic,plastic and melting objects.Wederiveelasticforcesin
accordancewith a lineardisplacement,constantstrainapproach.In contrast
to moststandardmeshlessapproaches,which requiresolving complex in-
tegralsnumerically, our methodyieldssimpleexplicit equationswhich are
easyto codeandresultin fastandstableanimations.
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� a fr ee-form deformation approachfor animating the surfacealongwith
the particles. A continuousdisplacement�eld is computedfrom the par-
ticles. This �eld is exploitedto ef�ciently deforma point-sampledsurface,
wherethe deformationis invariantunderrigid body motions. To prevent
surfacedistortionsfor largedeformations,a resamplingschemeis applied.

� a method for simulating elastic and plastic materials that fractur e.
Fracturesurfacesaredynamicallycreatedandmaintainedby continuously
adding surfacesamplesduring crack propagation. Dynamic resampling
adaptsthe particlesamplingresolutionto handlefracturingand large de-
formations. Whennew cracksurfacesarecreatedor the samplingof the
domainchanges,the shapefunctionsadaptdynamically. Our methodcan
handlecomplex topologicaleventsassociatedwith multiple branchingand
mergingcracks.

� a collision detectionand responsealgorithm for Lagrangian animations
of deformable bodies,whereboth the volumeand the surfacerepresen-
tation are meshless.Themethodstablyresolvescollisionsfor stiff elastic
aswell ashighly deformableorplasticmodels.Duringcollisions,it deforms
thepoint-sampledsurfaceandexertsforcesonthevolumetricparticles.The
decouplingof collisionhandlinganddeformationsyieldsplausiblecollision
simulationsat interactivespeed.

� a uni�ed approach for solid-�uid simulation including melting, fr eez-
ing, and viscoelasticmaterials. The equationsof motion for solids and
�uids areuni�ed suchthatthesamesolver canbeusedfor simulatingboth
�uids andsolidsaswell asviscoelasticmaterials.Furthermore,thephysical
materialcharacteristicscanchangelocally, which canbe usedto simulate
effectssuchasmeltingandfreezing.

� ahybrid implicit-explicit surfacegenerationapproachthat dynamically
constructsa point-sampledsurfacewrapped around the particles. Po-
tentialsarede�ned which guidethesurfacedeformation.This surfacerep-
resentationenablesmodelingthe �ne surfacedetail requiredfor solids,as
well asthesmoothsurfacesof �uids, andthetransitionfrom detailedsolid
surfacesto smooth�uid surfacesduringmelting. Topologicalchangesare
incorporatedin a lightweightandef�cient manner. Furthermore,blending
artifactsareavoidedthattypically arisewhenhandlingtopologicalchanges
usingimplicit functions.

� a multir esolution approach which automatically adapts the resolution
to the simulation characteristics. Weintroducevirtual particlesto achieve
aconsistentcouplingof differentparticleresolutionsandusetheseparticles
to locally changetheresolutionin a consistentfashion.Themethodis sim-
ple andhasonly a very smalloverhead,resultingin a performancegainup
to a factorof six in our examples.Furthermore,theapproachis versatilein
thatit canbeappliedto mostparticlemethods.
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1.3 Animation Loop
Figure1.1givesa high-level overview of our animationloop. It consistsof three
looselycoupledparts,whichareexecutedin thefollowingorder:Animationof the
object'svolume,animationof thesurface,andcontacthandlingof thesurfacewith
responseforcesin�uencing thephysicssimulation. Beforethesimulationstarts,
the physicaldomainis sampledwith particlesand the particles' propertiesare
initializedasdescribedin Sections4.3.1and5.7for �uids andsolids,respectively.
Alternatively, theparticlesaregeneratedrandomlyin a cylinder by a sourcewith
agiveninitial velocity.

Thephysicsanimationstartswith updatingtherestshapeof anobjectandre-
computingthe neighborhoodof particlesin casethe restshapeof an objecthas
changed.Fromtheneighborhood,thedensityof a particleis approximatedusing
SPH,which is thenusedfor all otherSPHapproximations.Thus,this is a two-
passalgorithm,whichrequiresstoringtheparticles'neighborhood.In anext step,
strainandstressarecomputed,which arethenusedto derive the elasticforces.
Additionally, �uid forces,suchaspressureandviscosity forces,andforcesbe-
tween�uids andsolidsarecomputed.Themoveof theparticlesin timedueto the
appliedforcesis computedusingtheexplicit leapfrogtime integrationscheme.In
a next step, the computedstressis usedto determinewhetherand wherenew
cracksstartor how existing crackspropagate.Changesin thedynamicor dueto
fracturingcanmakea local dynamicresamplingof thedomainnecessary.

After a physics' step,the surfaceis animatedby exploiting the continuously
de�ned displacement�eld which is computedfrom thedisplacementof theparti-
cles. Thesurfaceis subsequentlydeformedaccordingto potential�elds to adapt
it to thecharacteristicsof thephysics.

Finally, the deformedsurfaceis usedto detectcollisionsbetweendeformable
objects. Penaltyforcesarecomputedper surfaceelementanddistributedto the
particles.Theseforcesarethenaddedto theforcecomputationduringthephysics
animationandthusin�uence thedynamicbehavior of theobjects.

1.4 Outline
Thedissertationis organizedasfollows:

� Chapter 2 introducesthefundamentalconceptsandde�nitions usedin this
dissertation.In Section2.1, the governingequationsandtermsof contin-
uum mechanicsare introduced,including a discussionof solid and �uid
mechanics,andviscoelasticmaterials.In Section2.2 we discussandcom-
parethreemainclassesof numericalapproximationtechniques,namelyEu-
lerian, mesh-basedandmeshlessLagrangianmethods.We thenintroduce
SmoothedParticleHydrodynamicsandvariantsof it, whichareusedin this
dissertationasmeshlesscollocationmethods(Section2.3). Similarly to the
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Force Computation

Fracture Handling

Dynamic Sampling

Physics Animati on

Surface Displacement

Surface Deformation

Surface Animation

Contact Computation

Contact Handling

Collision Response

Leapfrog Time Integration

Strain/Stress Computation

Density Computation

Neighborhood Computation

Rest Shape Update

Figure 1.1: Animation loop. In the physicsstage,the deformationof the volumeof an
object or �uid is computedand fracturing is handled. In the secondstage,the
surfaceis animatedalongwith the volumeandadaptedto the particles. In the
third stage,surfacepenetrationis handledandresponseforcesarecomputedthat
in�uence thephysicsanimation.
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differentclassesof numericalmethodsusedto solve thephysicsequations,
two mainclassesof surfacerepresentationsexists,namelyexplicit andim-
plicit representations,which are discussedin Section2.4. We introduce
point-sampledsurfacesandarguethat this representationcombinesthead-
vantagesof explicit andimplicit representations(Section2.5).

� Chapter 3 presentsthe stateof the art in physics-baseddeformableob-
ject and�uid simulationin computergraphics.We provide a background
on particle-basedsystems(Section3.1) andbrie�y discussthe most rele-
vantwork in mesh-basedLagrangian(Section3.2),andEulerianandsemi-
Lagrangrianmethods(Section3.3).

� Chapter 4 presentsa new multiresolutionparticle-basedmethodfor adapt-
ing theparticleresolutionto thecharacteristicsof a �uid simulationanda
multiphaseapproachfor two-way air-waterand�uid-solid coupling. Sec-
tion 4.3 introducesour �uid modelbasedon SmoothedParticle Hydrody-
namics. This model is extendedin Section4.4 to supportthe simulation
of multiphase�uids and interactionbetween�uids and rigid bodies. We
thenshow in Section4.5how to decreasethecomputationalcomplexity for
�uid simulationusing a multiresolutiontechniquebasedon virtual parti-
cles. Theseparticlesyield a consistentcouplingbetweendifferentresolu-
tion levelsanddynamicresolutionadaption.Finally, we brie�y discussin
Section4.6anew Lagrangiantechniquefor extractingthesurface.

� Chapter 5 presentsa framework for animatingdeformableobjectsinclud-
ing fracturingandcontacthandling.First, we derive thegoverningcontin-
uummechanicsequationsandresultingforcesbasedonagivendeformation
�eld (Section5.3). We presentin Section5.4 our discreteelasticitymodel
basedon a moving least-squaresapproximationof the spatialderivatives
of the displacement�eld from neighboringparticles. Our surfacemodel
is introducedin Section5.5. It enablesfast animationof an embedded,
highly detailedpoint-sampledsurfacewith dynamicresamplingto main-
tain a high quality surface. The elasticityandsurfacemodel is extended
in Section5.6 to supportfracturingof both brittle andductile materialby
adaptingtheshapefunctionsanddynamiccreationof thefracturesurfaces.
Dynamicadaptionof thevolumetricsamplingto guaranteeastablesimula-
tion alsofor strongdeformationsandfracturingis discussedin Section5.7.
In Section5.8we introducea new contacthandlingmethodfor Lagrangian
animateddeformableobjectswith point-sampledsurfaces,wherethecolli-
sionhandlinganddeformationis decoupledto achieve ef�cient andstable
simulations.

� Chapter 6 combinesandextendsthe techniquesdescribedin theprevious
chaptersto unify the simulationof �uids anddeformablesolids, thusen-
abling the simulationof viscoelasticmaterialsandeffectssuchasmelting
and freezing. We presenta new approachto surfaceextraction that can
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handlethe animationof objectswith highly detailedsurfaces,�uids with
smoothsurfaces,andmeltingdeformableobjectsto �uids. We �rst present
our physicsmodelin Section6.3 andshow how this modelcanbeusedto
simulatemelting andsolidifying by simpleadaptingthe physicalparame-
ters(Section6.5). In Section6.6weproposea new surfacemodelbasedon
potential�elds thatguidethedeformationof thepoint-sampledsurface.

� Chapter 7 provides implementationdetailsof the searchdatastructures
usedin this dissertation,namelykd-treeandhashgrids, anddiscussesthe
appliedtime integrationschemes.

� Chapter 8 concludesthedissertationwith asummaryof thepreviouschap-
ters,a discussionof advantagesanddrawbacksof the appliedapproaches,
andanoutlookon futurework.

1.5 Publications and Collaborations
Thework presentedin thisdissertationis theresultof internationalcollaborations
andyieldedthefollowing publications:

� The stateof the art report given in Chapter3 draws from a presentation
at Eurographics2005anda publicationin the ComputerGraphicsForum
Journal[NMK + 06]. Collaboratorsare Andrew Nealenfrom the Techni-
cal University Berlin, Germany, MatthiasMüller from AGEIA/NovodeX,
Switzerland,Eddy Boxermannfrom the University of British Columbia,
Canada,andMark Carlsonfrom DNA ProductionsInc.,USA.

� Themultiresolution�uid framework includingmultiphase�uid simulation
presentedin Chapter4 is on-goingwork andwaspublishedasa technical
report[KAG+ 06]. CollaboratorsareBartAdamsandPhilip Dutréfrom the
KatholiekeUniversiteitLeuven,Belgium,LeonidasJ.GuibasfromStanford
University, USA, andMark Pauly from ETH Zurich,Switzerland.

� Chapter5 resultedin thefollowing publications:

– The basic framework for deformingelasto-plasticobjectswas pub-
lished and presentedat the ACM SIGGRAPH/Eurographics2004
SymposiumonComputerAnimationin Grenoble,France[MKN + 04].
Matthias Müller from AGEIA/NovodeX, Switzerland, derived the
continuummechanicsequationspresentedin Section5.3. Othercol-
laboratorsare Andrew Nealenand Marc Alexa from the Technical
UniversityBerlin, Germany, andMark Pauly andMarkusGrossfrom
ETH Zurich,Switzerland.

– The free-form surface deformationapproachusedin the work de-
scribedabove draws from a publicationin the ACM Transactionson
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GraphicsJournal[PKKG03] thatwaspresentedat ACM SIGGRAPH
2003in SanDiego, USA. CollaboratorsareLeif P. Kobbeltfrom the
Rheinisch-WestfälischeTechnischeHochschuleAachen, Germany,
andMark Pauly andMarkusGrossfrom ETH Zurich,Switzerland.

– Theextensionfor fracturingwaspresentedatACM SIGGRAPH2005
in Los Angeles,USA, and publishedin the ACM Transactionson
GraphicsJournal[PKA+ 05]. CollaboratorsareBartAdamsandPhilip
Dutré from the Katholieke Universiteit Leuven, Belgium, Leonidas
J.Guibasfrom StanfordUniversity, USA,andMark PaulyandMarkus
Grossfrom ETH Zurich,Switzerland.

– Contacthandling of deformablepoint-basedobjectswas published
andpresentedat the conferenceof Vision, Modeling andVisualiza-
tion (VMV) 2004 in Stanford,USA [KMH + 04]. Collaboratorsare
Matthias Müller and Bruno Heidelberger from AGEIA/NovodeX,
Switzerland,Matthias Teschnerfrom University of Freiburg, Ger-
many, andMarkusGrossfrom ETH Zurich,Switzerland.

� The uni�ed approachfor solid-�uid simulationspresentedin Chapter6
was publishedand presentedat the EurographicsSymposiumon Point-
BasedGraphics2005,New York, USA [KAG+ 05]. CollaboratorsareBart
AdamsandPhilip Dutréfrom theKatholiekeUniversiteitLeuven,Belgium,
andDominiqueGasser, PaoloBazziandMarkusGrossfrom ETH Zurich,
Switzerland.

Furtherpublicationsthatarerelatedto this dissertationbut not thoroughlydis-
cussedin hereare:

� Detail-preserving�uid control [TKPR06],whichwill bepresentedandpub-
lishedat the ACM SIGGRAPH/Eurographics2006Symposiumon Com-
puter Animation, Vienna,Austria, in collaborationwith Nils Thürey and
Ulrich Rüdefrom the Friedrich-Alexander-Unitersity Erlangen-Nürnberg,
Germany, andMark Pauly from ETH Zurich,Switzerland.

� Ef�cient raytracing of deformingpoint-sampledsurfaces[AKP+ 05], pre-
sentedat Eurographics2005,Dublin, Ireland,andpublishedin the Com-
puter GraphicsForum Journal, in collaborationwith Bart Adams and
Philip Dutré from the Katholieke UniversiteitLeuven,Belgium, Leonidas
J. Guibasfrom StanfordUniversity, USA, and Mark Pauly and Markus
Grossfrom ETH Zurich,Switzerland.

� Particle-based�uid-�uid interaction [MSKG05], presentedandpublished
at theACM SIGGRAPH/Eurographics2005SymposiumonComputerAn-
imation, Los Angeles,USA, in collaborationwith MatthiasMüller from
AGEIA/NovodeX,Switzerland,BarbaraSolenthalerfrom theUniversityof
Zurich,Switzerland,andMarkusGrossfrom ETH Zurich,Switzerland.
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� Consistentpenetration depthestimationfor deformablecollision response
[HTK+ 04], publishedandpresentedat the conferenceof Vision, Model-
ing andVisualziation(VMV) 2004,Stanford,USA, in collaborationwith
MatthiasMüller andBrunoHeidelberger from AGEIA/NovodeX,Switzer-
land,MatthiasTeschnerfrom Universityof Freiburg, Germany, andMarkus
Grossfrom ETH Zurich,Switzerland.

� Post-processingof scanned3D surfacedata [WPK+ 04], publishedand
presentedat the EurographicsSymposiumon Point-BasedGraphics2004,
Zurich, Switzerland,in collaborationwith Tim Weyrich, Mark Pauly, Si-
monHeinzleandMarkusGrossfrom ETH Zurich,Switzerland,andSascha
Scandellafrom Cyfex, Switzerland.

� Multi-scale feature extraction on point-sampledsurfaces[PKG03], was
presentedat Eurographics2003, Granada,Spain, and publishedin the
ComputerGraphicsForum Journal,in collaborationwith Mark Pauly and
MarkusGrossfrom ETH Zurich,Switzerland.

� Collision detectionand responsefor interactive editing of point-sampled
models[Kei03],Masterthesis2003,ETH Zurich,Switzerland.
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Chapter 2

Foundations
This chapterintroducesthebasicsof surfaceandphysicsrepresentationsandthe
fundamentalequationsof continuummechanicsthat arerelevant for this disser-
tation. Section2.1 summarizesthe conservation laws in physics,introducesthe
fundamentalconceptof stressandstrain,andbrie�y discussessolidand�uid me-
chanicsandviscoelasticmaterials.Dif ferentviewpointson how thedynamicsof
materialcanbecomputedaregivenin Section2.2,wheremesh-basedandmesh-
lessLagrangianmethodsarecompared.Detailsaboutthemeshlessapproximation
methodsusedin thisdissertationareprovidedin Section2.3.Wethendiscussand
compareimplicit andexplicit surfacerepresentationsin Section2.4 anddescribe
commonmethodsfor projectinga point ontoan implicit surface.Section2.5 in-
troducespoint-sampledsurfacesusedin this dissertationas an explicit surface
representationandtheunderlyingimplicit representation.

2.1 Contin uum Mechanics
In this sectionwe describethe basicequationsand introducethe most impor-
tant termsof continuummechanics,see[Chu96,Fun94,LRK93,Liu02b,BW97,
BLM00] for detailedintroductionsand[Lov27] for a nice review of the history
of elasticitytheory. In continuumtheory, matteris regardedasa continuum,i.e.,
inde�nitely divisible,wheresmallscaleeffectscomingfrom molecular, atomicor
sub-atomicinterrelationsareneglected.Thus,physicalquantitiessuchasenergy
andmomentumcanbehandledin the in�nitesimal limit, resultingin differential
equations.Continuummechanicsis divided into solid mechanicsand�uid me-
chanics. The most importantdifferencebetweensolidsand �uids is that solids
have a restshapede�ned. Elastic forcescounteractdeformationsfrom this rest
shape. On the other hand, �uids �o w becausethey cannotresistshearstress.
Viscoelasticmaterialsexhibit thecharacteristicsof both �uid andsolid. We will
usethe theoryof continuummechanicsandof the differentmaterialsdescribed
below for the numericalsimulationof �uids (Section4.3), for deriving the (dis-
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crete)elasticforces(Sections5.3and5.4),andfor deriving amodelfor animating
viscoelasticmaterials(Section6.3),andmeltingandfreezing(Section6.5).

We will �rst summarizethe conservation laws of physicsthat aremost rele-
vant for our framework, andthendescribean importantmechanicsquantity, the
stresstensor(Section2.1.2). We will thenhave a closerlook at solid mechanics
(Section2.1.3),�uid mechanics(Section2.1.4),andviscoelasticmaterials(Sec-
tion 2.1.2).In thissectionweonly considerclassicalmechanics(alsocalledNew-
tonianmechanics), but no quantummechanics.

2.1.1 Conser vation Laws
Theconstitutiveequationsdescribetherelationbetweenphysicalquantitiesspe-
ci�c to thematerial(seeSections2.1.3and2.1.4),whereastheconservationlaws
of physics,which statethat a physicalquantity in an isolatedsystemdoesnot
change,arevalid for all materials.Importantquantitiesthatneedto beconserved
in our systemare mass,energy andmomentum. We will describethe govern-
ing equationsfrom a Lagrangianviewpoint (alsocalledmaterialor referencede-
scription, seealsoSection2.2.1),i.e., by following a particlethat representsan
in�nitesimal volumeof material.

Theconservationof momentumis representedby Newton's secondlaw, which
describesthetrajectoryp = p(t) of aparticleasa functionof time, i.e.,

p̈ = f ( �p;p;t); (2.1)

wherep̈ and �p arethesecondand�rst timederivativesof p, and f () is a function
dependingon thephysicalmodel. This secondorderdifferentialequationcanbe
writtenasa coupledsetof ordinarydifferentialequations

�p = v; (2.2)
�v = f (v;p;t); (2.3)

wherev is theparticle'svelocity.
Whenfollowing a particle,its volumedV andits densityr maychange,but its

total massm = r dV will remainunchanged.The continuityequationrepresents
theconservationof mass

Dr
Dt

= � r r � v; (2.4)

wherethe material derivative(alsocalledsubstantive, Lagrangian,or advective
derivative)

D
Dt

=
¶
¶t

+ v � r (2.5)

describestherateof changeof a physicalquantityof a particlein time andr � v
is the divergenceof the velocity �eld. Note that the materialderivative relates
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Figure 2.1: Left: visualizationof the componentsof the symmetricstresstensorat p.
Middle: thesamestateof stressis representedby a differentsetof componentsif
thecoordinateaxesarerotated.Right: principalstresses.

theLagrangiandescriptionto theEuleriandescription(alsoknown asspatialde-
scription) thatdescribesthechangeof physicalquantitiesat �x edpointsin space
(known asspatialcoordinates).

For an incompressiblematerial the densityof a particledoesnot change,i.e.,
Dr
Dt = 0. Thus,massconservationreducesto preservingadivergencefreevelocity
�eld

r � v = 0: (2.6)

Theconservationof energy representsthe �rst law of thermodynamics,which
statesthat thechangein internalenergy is equalto theheataddedto thesystem
minusthework doneby thesystem.

2.1.2 Stress
In physics,themeasurementof forceperunit areais calledstress.It is described
in 3D by asymmetric3� 3 tensor

s =

2

4
sxx t xy t xz
t yx syy t yz
t zx t zy szz

3

5 : (2.7)

Both �uids andsolidsdeformdueto stresses,wherethe force df actingon a
differentialsurfaceelementwith areadA andnormalvectornA is givenby

df
dA

= s � nA: (2.8)

A tensoris a multidimensionalarraythat is independentof any chosenframeof
reference,i.e.,coordinatesystem,cf. Figure2.1.The3� 3 stresstensorhasrank2,
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whichmeansthatit hasamagnitudeandtwo directionsassociatedwith it (vectors
have rank 1 (magnitude+ direction)andscalarshave rank 0 (only magnitude)).
Thetwo directionsarecallednormalstress(theforcecomponentactingin direc-
tion of nA, denotedby s ii ) andshearstress(theparallelcomponentsof thestress,
denotedby t i j). Theshearstresscanbefurtherdecomposedinto two orthogonal
force componentsin the planeof nA. At a given point, it is alwayspossibleto
�nd threeorthogonalaxessuchthat theshearstressesin theplaneorthogonalto
theseaxesvanish,cf. Figure2.1.Theseplanesarecalledprincipal planesandthe
stressesalongthethreeaxesarecalledprincipal stresses. They canbecomputed
usingprincipal componentanalysis(PCA) of the stresstensor, wheretheeigen-
valuesgivethevaluesof theprincipalstressesandthecorrespondingeigenvectors
thedirection.

The forcedf actingon an in�nitesimal volumetricelementdV(a particle)due
to internalstressescanbecomputedfrom Equation(2.8) as(for a derivationsee
e.g.[GP06])

df
dV

= r � s: (2.9)

Applying Newton's secondlaw mp̈ = f anddividing bothsideswith thevolume
dV = m=r of aparticle,themomentumequationcanbewrittenas

r p̈ = r � s + f̃ext; (2.10)

wheref̃ext is anexternalforcedensityvector�eld (forceperunit volume).

2.1.3 Solid Mechanics
A solid hasa restshape.If stressesareapplied,thematerialdeforms.An elastic
solidhasrestoringforcesfor bothnormalandshearstressandwill thereforereturn
to its restshapewhennostressesareappliedanymore.If theshearstressexceeds
a materialselastic range, i.e., the stressis higher then the yield strengthkyield

of a material,thedeformationsarenon-reversibleandmaterialbecomes(locally)
plastic. Brittle materialsfractureif thenormalstressis too high,whereasductile
materialundergo �rst plasticdeformationsundernormalstressbeforethey frac-
ture.Thesimulationof brittle andductilefracturewill bedescribedin Section5.6,
seealsoFigures5.7and5.8.

The amountof deviation from the restshapeis describedby thestrain tensor
e. For mostsolidsthe strain is aboutproportionalto the stressthroughouttheir
elasticrange.For theselinear-elasticmaterials(or Hookeanmaterials),Hooke's
law applies

ss = C e; (2.11)

wheres s is the solid stressand C is a rank four constanttensorthat depends
on Young's modulusE andPoisson's ratio n. Young's modulus(alsoknown as
modulusof elasticity, elasticmodulusor tensilemodulus) determinesthestiffness
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of a givenmaterial.Poisson's ratio is a measurementfor theincompressibilityof
amaterial,wheren = 0:5 for aperfectlyincompressiblematerialand0 � n < 0:5
otherwise,cf. Figure5.2.BecauseHooke's law in combinationwith alinearstrain
modelyieldsa linearequationsystemthatcanbesolvedef�ciently , it is common
in computergraphicsto applyHooke's law evenfor non-Hookeanmaterialsuch
asrubber. In our physicsmodelwe deriveC for isotropicHookeanmaterials,but
usea non-linearstrainmodelthathandlesrotationscorrectly, seeSection5.3 for
details.

2.1.4 Fluid Mechanics
A �uid (a gasor a liquid) is differentfrom a solid in that it is unableto sustain
shearingstresseswithout continuouslydeforming. The amountof resistanceof
shearingstressesdueto friction is calledviscosity. Fluidsarecalledlinearly vis-
cousor Newtonian if the viscousstresss viscous dependslinearly on the rate of
strain�e

sviscous= µ �e; (2.12)

wheretheviscosityµ is a materialconstant.Most �uids havea constantviscosity
overawiderangeof shearrates.Fluidsarecallednon-Newtonian, if theirviscosity
changeswith thestrainrate(seealsothenext section).

Theisotropicstressspressurein normaldirectionis de�nedby thescalarPknown
as hydrostatic pressure. The total �uid stressis then the sum of the isotropic
pressurestressandtheviscousstress

s f = � PI + sviscous; (2.13)

whereI is theidentity matrix.
The Navier-Stokes equations[LL87] are a set of partial differential equa-

tions that statethe conservation of momentum(Equation(2.14)), mass(Equa-
tion (2.15))andenergy (Equation(2.16)):

r
Dv
Dt

= r � s f + f̃ext; (2.14)

Dr
Dt

= � r r � v; (2.15)

r
DU
Dt

= s f � r v � r � q; (2.16)

wheref̃ext is anexternalforcedensityvector�eld, U theinternalenergy andq the
heat�ux. In Section4.3wewill describehow tosolvetheseequationsnumerically
usingtheSmoothedParticleHydrodynamicsmethod.
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u(p)

u(p)

v(x)

(a) (b) (c)

Figure 2.2: (a)Eulerianrepresentationwith velocity �eld v(x) atgrid pointsx. Theshaded
�elds are coveredby material. (b) mesh-basedLagrangianrepresentationwith
displacement�eld u(p) at meshnodesp. (c) meshlessLagrangianrepresentation
with displacement�eld u(p) at particlesp. Eachparticlehasa smoothingkernel
assigned.

2.1.5 Viscoelastic Materials
Generally, a materialis classi�edassolid if it resistsa deformationundera weak
constantstress,andas�uid if thematerialeventually�o ws. However, if temporar-
ily high stressesareapplied,a solid might be unableto resistshearingstresses
anymoreandthereforestartsto �o w (which is calledcreep), i.e., it becomesplas-
tic. A plasticsolid henceshows thetypical characteristicsof a �uid. On theother
hand,anon-Newtonian�uid changesits viscositydependingontheappliedstrain
rate,andthusexhibitsa typical characteristicof asolid. Thus,materialexiststhat
cannotbeclearlyclassi�edaseithersolid or �uid but canbeseenas"soft solids"
or "elasticliquids". A viscoelasticmaterialis de�ned asa materialthatexhibits
thecharacteristicsof bothaviscous�uid andanelasticsolid. Examplesaresoap,
honey, pudding,toothpaste,clay, andmany more. Thesimulationof viscoelastic
materialis describedin Chapter6, seefor instanceFigure6.13for a comparison
of differentviscoelastic�uids.

2.2 Physics Representations
Many differentnumericalmethodshavebeendevelopedto solvethepartialdiffer-
entialequationsof motiondescribedabove. Theseapproachescanbeclassi�edas
EulerianandLagrangianmethodsaccordingto thespatialor materialdescription
of theequations,respectively. Lagrangianmethodscanbefurthersubdividedinto
mesh-basedandmeshlessmethods.In thefollowing, thefundamentaldifferences,
advantages,anddrawbacksof theseapproachesarediscussed.
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2.2.1 Eulerian versus Lagrangian Methods
EulerianandLagrangianmethodsdiffer in theway they look at thematerial.Eu-
lerian methodsevaluatethe materialpropertiesat stationarypoints in spaceand
computehow thesepropertieschangeovertime,whereasLagrangianmethodsfol-
low themoving materialelements(materialcoordinates), cf. Figure2.2.Because
in Eulerianmethodsthe meshis �x ed in space,solving the equations,for in-
stance,using�nite differences,is fastandstable.Furthermore,Eulerianmethods
canhandleextremedeformationswithoutchangingthediscretizationandtopolog-
ical changesarecapturedimplicitly, whereasLagrangianmethodsneedto adapt
their discretizationto avoid numericalproblems.However, Lagrangianmethods
alsohave severaladvantages.Sincethemeshis attachedto themoving material,
trackingis verysimpleandexact,andameshnodecaneasilystoreits history. Fur-
thermore,theobjector �uid boundaryis explicitly de�ned by themesh,whereas
with Eulerianmethodsthe boundaryhasto be tracked, for instance,usinglevel
sets[OS88]. Similarly, interactionwith irregular or moving boundariesor ob-
jects is often simplerwith Lagrangianmethodsbecausethey do not needto be
discretizedonto the �x ed meshas with Eulerianmethods(seee.g. [CMT04]).
Finally, Lagrangianmethodsarenot restrictedto a certainareain space,unlike
Eulerianmethodswherethe�x edmeshdeterminesthesimulationdomain.

Due to the complementaryadvantagesand drawbacksof Eulerian and La-
grangianmethods,themethodof choicedependson thesimulation.Deformable
objectsare most often simulatedusing the (Lagrangian)�nite elementmethod
(FEM) becauseboundaryconditionscanbesolvedmoreaccuratelythanwith Eu-
lerianmethods.On theotherhand,strongdeformationsoftenyield distortionsin
theLagrangianmesh,which requirescomplex remeshingoperatorsto guarantee
numericalrobustness.Remeshingis alsorequiredif topologicalchangesoccur.
Eulerianmethodsimplicitly andstablyhandlestrongdeformationsandtopologi-
calchanges,andthereforearestandardin computergraphicsfor �uid simulations.
However, Eulerianmethodssuffer from massdissipationand alignmentprob-
lems with deformableand moving boundaries.To circumvent theseproblems,
meshlessLagrangianmethodshave beendeveloped,seethe next sectionfor a
discussion.Several methodsexist that combineEulerianandLagrangianmeth-
ods. For instance,the particle-in-cell (PIC) [Har63] and �uid-implicit-particle
(FLIP) [BR86] methodcombinea Euleriansolver with particles.Othermethods
combinethe interactionof Lagrangiandeformableobjectswith Eulerian�uids
(seee.g. [GSLF05,LIGF06]). Feldmannet al. [FOKG05] exploited the arbi-
trary Lagrangian-Eulerian(ALE) methodto simulate�uids in deformableobject
boundariesusing unstructuredtetrahedralmeshes[FOK05]. The ALE formu-
lation enablesthe computationalmeshto move with a velocity independentof
the materialvelocity [DH04]. Recently, this schemewasextendedby Klingner
et al. [KFCO06] who generatedthe tetrahedralmeshesin eachtime stepsuch
that they conformwell to moving boundaries,thereforeeliminating one of the
majordrawbacksof Eulerianmethods.So far, this very interestingmethoddoes
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not addressfree surfaces. Furthermore,degeneratedtetrahedracan introduce
instabilitiessimilar to FEM, if they arenot treatedspecially.

2.2.2 Mesh-based versus Meshless Methods
Mesh-basedLagrangianmethodssuchasFEM divide a continuuminto discrete
elementsthatareconnectedtogetherby atopologicalmap,which is usuallycalled
a mesh(cf. Figure2.2 (b)). Theinterpolationfunctionsarebuilt uponthis mesh,
which ensuresthecompatibilityof theinterpolation[LL02]. However, this is not
alwaysadvantageousbecausethemeshtopologyis �x edandthuscannotadaptto
physicalchangesof thecontinuum,especiallyin casesof largedeformationsand
topologychanges.Large deformationsyield meshdistortionsthat causesevere
stabilityandaccuracy problems,for example,whenusingFEM [ITF04,TSIF05].
Topologychangesrequirecomplex remeshingoperations,which introducesnu-
mericalerrors.Furthermore,maintainingaconformingmeshcanbeanotoriously
dif�cult task (seee.g. [OP99]). Meshlessmethodsremedytheseproblemsby
not storing the meshconnectivity, but insteadapproximateor interpolatemate-
rial propertiesfrom interpolationpoints (also known as collocation points) us-
ing meshlessshapefunctions.In meshlessLagragianmethodstheseinterpolation
points,herecalledparticles, move with thematerial(cf. Figure2.2 (c)). As will
beshown in thisdissertation,thespatialdiscretizationby volumetricparticlescan
beef�ciently andstablyadaptedover timeaccordingto changesin thesimulation
domain. Thegained�e xibility comesat highercomputationalcostsfor comput-
ing themeshlessshapefunctions. Furthermore,specialtreatmentis requiredfor
theenforcementof essentialboundaryconditionsdueto thelackof theKronecker
deltapropertyof meshlessshapefunctions(see[FMH04] for a survey).

2.3 Smoothed Partic le Hydr odynamics
In this dissertationa meshlessLagrangianmethodcalledSmoothedParticleHy-
drodynamics(SPH) is exploited. The SPH methodwas initially developedfor
thesimulationof astrophysicalproblemssuchas�ssion of stars[GM77,Luc77].
Valuesof physicalquantitiesandtheir spatialderivativesareapproximatedfrom
neighboringinterpolationpoints.Forcesarethereforeeasilyderiveddirectly from
the stateequations.Furthermore,asa particle-basedLagrangianapproach,SPH
hastheadvantagethatmassis trivially conservedandconvectionis dispensable.
This reducesboth the programmingand computationalcomplexity and is thus
suitablefor interactiveapplications.

SPHis motivatedby ideasfrom MonteCarlo integration. Givena continuous
functionA(x) de�nedoveradomainW, anintegral interpolanthA(x)i canbecon-
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structedusingamolli�cation kernelw (alsocalledsmoothingfunction)

hA(x)i = A� w =
Z

W
A(x0)w(r ;h)dx0; (2.17)

wherethesupporth of thekernelindicatesits smoothingscalelength,r = x � x0

anddx0is adifferentialvolumeelement.NotethattheinterpolantreproducesA(x)
exactly if w(r ;h) is thedeltafunctiond(r ). To obtaina smoothapproximationof
A(x), akernelis usedthattendstooneif its supporttendstozeroandis normalized
sothataconstantfunctionis interpolatedexactly, i.e.,

lim
h! 0

w(r ;h) = d(r );
Z

w(r ;h)dx0= 1: (2.18)

Most often spline kernelsare usedthat approximatethe Gaussianfunction but
have �nite support. More detailsaboutthe commonlyusedkernelsandhow to
constructaspeci�c kernelaregivenby Monaghan[Mon92] andLiu [Liu02a].

The basicideaof the SPHmethodis to representa continuous�eld A(x) by
a Monte Carlo samplingof interactingsmoothedvolumetricparticles. Eachof
theparticlesrepresentsamaterialelementof �nite volume.Froma mathematical
point of view, particlesareinterpolationpointsfrom which propertiesof the�eld
canbecalculated.A discreteapproximationof A(x) from theseparticlescanbe
achievedby replacingthedifferentialvolumeelementdx0 by thevolumeVj of a
particlep j with positionp j

hA(x)i �= å
j

A(p j )w(x � p j ;h)Vj (2.19)

The discretepropertiesof p j aresmoothedover the �nite region determinedby
p j andVj andhenceled to thenameSPH[FM03,KBLRP00]. A typical approx-
imation of the particlevolumeVi derived from Monte Carlo integration theory
is

V � 1
i = å

j
w(pi � p j ;h): (2.20)

If w is a differentiablefunctionthendifferentiatingEquation(2.19)yields

hr A(x)i �= å
j

A(p j )r w(x � p j ;h)Vj ; (2.21)

wherer w = x� p j
r j

¶w
¶r j

andr j =



 x � p j




 . NotethattheSPHapproximationof the

spatialgradientof a �eld functionis determinedfrom thespatialderivativeof the
kernelfunction andthe valuesat the interpolationpoints. Thus,the gradientof
the �eld function doesnot needto be computedwhich is a major advantageof
SPH.Differentwaysexist to derive thedifferentiableinterpolantto obtainhigher
accuracy. For reviewsonthemathematicalfoundationof SPHsee[Ben90,Mon92,
Liu02a,Mon05]andreferencestherein.
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2.3.1 SPH Appr oximation Error
Whenequationsaresolvednumerically, theapproximationhA(x)i of acontinuous
functionA(x) shouldbeascloseto A aspossible.Theorderof ananalyticalso-
lution thatcanbeapproximatedwithouterroris calledconsistencyorder [FM03].
To haven-th orderconsistency, thefollowing conditionsmustbeful�lled:

å
j

w(x � p j ;h)pm
j Vj = xm for 0 � m� n;x 2 W (2.22)

Thus,to have0-th orderconsistency, thekernelmustsatisfy

å
j

w(x � p j ;h)Vj = 1; x 2 W (2.23)

This equationis ful�lled if the kernel is even and the particlesare distributed
equally aroundx. However, during the simulationthe particlesbecomedisor-
dered. Furthermore,at the boundaryof the domain,the kernel is truncatedby
the boundaryand thereforenot even anymore,even if the distribution of parti-
clesis regular. This so-calledparticle de�ciencyproblemyieldsspuriousbound-
ary effects[CBJ99b].Particlede�ciency canbeimprovedby addingghostparti-
cles,which arecreatedby re�ecting the�uid particleswith respectto thebound-
ary [LPC+ 93]. Anothernumericalproblemaretensileinstabilitieswhich occur
whenparticlesareundertensilestress.This resultsin pairwiseparticleclumping
or evenblow up of thesimulation[PM85,SHA95,Bal95]. This instability canbe
eliminatedby introducinganarti�cial stressforce[Mon00,GMS01]or additional
stresspoints[DRI97]. However, theseapproachesdo not necessarilyimprove the
numericalaccuracy. Severalapproachesexist to improve thenumericalaccuracy
by increasingthe consistency orderof the interpolation. The threemostpopu-
lar methodsaresummarizedbelow. A nice andextensive overview of meshless
methodsis givenby FriesandMatthies[FM03].

2.3.2 Corrective Smoothed Partic le Method
To solve theparticlede�ciency at theboundaryandreducethetensileinstability,
anextensionof SPHcalledtheCorrectiveSmoothedParticle Method(CSPM)has
beenproposed[CBC99,CBJ99a,CBJ99b].Theideais to normalizethefunction
approximationsuchthat thekernelsbuild a partitionof unity, hencetheapproxi-
mationis zeroth-orderconsistent:

hA(x)i =
1

å j w(x � p j ;h)Vj
å

j
A(p j )w(x � p j ;h)Vj (2.24)

Thisequationcanbederivedby lookingat theTaylorseriesexpansionfor A(x) in
thevicinity of p j . Deriving thegradientof a �eld functionis moreinvolved,and
makesamatrix inversionnecessary[Liu02a].
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2.3 Smoothed Particle Hydrodynamics

2.3.3 Corrected Smoothed Partic le
Hydr odynamics
In theCorrectedSmoothedParticle Hydrodynamics(CSPH)methodthekernelw
is replacedby acorrectedkernelŵi for aparticlepi

ŵi(x;h) = w(x;h)a(x)[1+ b(x)(x � pi)]; (2.25)

wherethe correctionparametersa andb areevaluatedby enforcingthe consis-
tency conditionsgiven in Equation(2.22)for n = 1 (�rst degreecorrection),see
e.g.[BK00] for details.

NotethatCSPMdescribedabove is aspecialcaseof CSPH.CSPMusesacon-
stantinsteadof a linearcorrection,i.e.,b(x) = 0, yieldinga correctedkernel

ŵi(x;h) =
w(x � pi ;h)

å j Vjw(x � p j ;h)
: (2.26)

Furthercorrectiontermsfor improving thepointwiseintegrationhavebeenpro-
posedby BonetandKulasegaram[BK00].

2.3.4 Moving Least-Squares Partic le
Hydr odynamics
An arbitraryconsistency ordercanbeachievedusingmoving least-squares(MLS)
interpolants.As describedabove,asmoothcontinuous�eld functionA(x) canbe
approximatedin theform

hA(x)i = å
j

A(p j )F j (p j ) (2.27)

whereF (p j ) is theshapefunctionof aparticlep j , i.e., in theSPHsettingF (p j ) =
w(x � p j ;h)Vj (seeEquation(2.19)).Following FriesandMatthies[FM03], A(pi)
canbeevaluatedasaTaylor seriesexpansion

A(pi) = A(x) +
1

å
jaj= 1

(pi � p j )a

jaj!
DaA(x); (2.28)

wherea = (a1; : : : ;ad) is amulti-index with a i � 0 andd is thedimensionof the
problemdomain.If a is appliedto x, then

xa = xa1
1 xa2

2 � � � xad
d (2.29)

andDaA(x) is theFrechetderivativeof A(x), i.e.,

DaA(x) =
¶jajA(x)

¶a1x1¶a2x2 � � � ¶adxd
(2.30)
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with jaj = å d
i= 1a i (seee.g.[RS72]for anintroductionto multi-indices).

We write the shapefunction asa polynomial(shiftedby pi for computational
reasons)

F i(x) = bT(pi � x)a(x)w(x � pi;h); (2.31)

whereb(x) = f xa j jaj � ng is apolynomialbasisof consistency ordern anda(x)
is a vectorof unknown coef�cients. PluggingEquations(2.31) and(2.28) into
Equation(2.27),multiplying out andrearrangingleadsto

hA(x)i = A(x) å
j

b(p j � x)bT (p j � x)a(x)w(x � p j ;h)

| {z }
q1(x)

+

n

å
k= 2

Dak
A(x) å

j
b(pi � x)bT (p j � x)a(x)

(p j � x)ak

jakj!
w(x � p j ;h)

| {z }
qk(x)

+

O(xn+ 1); (2.32)

wherea polynomialof degreen is usedwhich yields an approximationorderof
degreen. Comparingthe left andright handsideof Equation(2.32)onecansee
that to reachtheexactsolution,q1(x) mustbeequalto onewhile qk(x) mustbe
zerofor k = 2; : : : ;n sothatthederivativesof A(x) cancelout. Thisyieldsan� n
systemof equationsfor then unknownsof a(x)

å
j

b(p j � x)bT(p j � x)a(x)w(x � p j ;h) =

0

B
B
B
@

1
0
...
0

1

C
C
C
A

= b(0) (2.33)

Solving this for a(x) yields theshapefunctionof a particle pi (after shifting the
polynomialbasisby addingx)

F i(x) = bT (x)

"

å
j

b(p j )bT(p j )w(x � p j ;h)

#

| {z }
M(x)

� 1

b(pi)w(x � pi): (2.34)

M(x) is calledthemomentmatrix. Finally, pluggingtheshapefunctioninto Equa-
tion (2.27)gives

hA(x)i = bT(x)M � 1(x) å
j

w(x � p j ;h)b(p j)A(p j ): (2.35)

Comparingthisequationwith theregularSPHEquation(2.19)shows thefollow-
ing relationbetweenSPHandMLSPH

Viw(x;h) = bTM � 1bw(x;h): (2.36)
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2.4 Surface Representations

Therefore,bTM � 1b canbe interpretedasa space-dependentvolume. However,
this volumeis purelynumericalanddoesnot have a physicalor geometricmean-
ing [Dil99b,FM03]. A carefulanalysisof MLSPH is givenby Dilts [Dil99a].

2.4 Surface Representations

To renderan animatedobject, a surfaceneedsto be extractedfrom the simu-
lateddomain. For mesh-basedLagrangiansimulationthis canbesimply theob-
ject's boundary. For particle-basedsimulationsrenderingtheparticlesis usually
not suf�cient in computergraphics.Instead,the surfaceis often de�ned implic-
itly as the isosurfaceof a potential �eld from the particles[Bli82]. This sur-
faceis then either directly raytracedor convertedinto a triangle mesh,for in-
stance,usingthemarchingcubesalgorithm[LC87]. For Eulerianmethods,either
marker particlesand/oran implicit level set surfaceis advectedwith the mate-
rial �o w. Nowadaysit is commonalso in Lagrangiansimulationsto decouple
thesurfacerepresentationfrom thevolumetricrepresentationby embeddingasur-
faceinto the volume which is then advectedtogetherwith the volumetric ele-
ments[MMDJ01,MG04,MBF04]. Becausethis is generallymuchfasterthanthe
actualsimulation,it enablesusinghigh resolutionsurfacefor highquality render-
ing anda low resolutionvolumetricrepresentationfor fastsimulation. We also
make useof an embeddedsurfacewhich is advected(seeSection5.5). After-
wards,thesurfacedeformsaccordingto implicitly andexplicitly de�nedpotential
�elds suchthat it adaptsto thephysicscharacteristicsandenablesusercontrolof
thesurfaceproperties(seeSection6.6).

For animatinga surfaceonecanchoosebetweenmany differentsurfacerep-
resentationssuch as splines,polygonal meshesand level set surfaces. These
have often complementaryadvantagesand drawbacks. Following Kobbelt and
Botsch[KB03], surfacerepresentationscan be divided into two major classes,
namelyparametricandvolumetricsurfaces.Parametricsurfacesareexplicit rep-
resentationsgivenasthe imageof a parameterfunction,whereasvolumetricsur-
facesareimplicitely de�ned asthekernel,theso-calledzero-set,of ascalarfunc-
tion. Wewill next compareimplicit andexplicit representations.In Section2.5we
will discussthebasicsof a point-basedrepresentation,which is usedasa mesh-
lessexplicit representationin this dissertation(seeSections5.5 and6.6). One
advantageof a point-basedrepresentationis that it canbe easilyconvertedinto
animplicit representationbasedon a local projectionoperator(Section2.5.1). In
this dissertationwe will arguethatdueto this ef�cient conversion,we areableto
exploit theadvantagesof bothimplicit andexplicit representations.
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2.4.1 Implicit and Explicit Representations
An explicit parameterizationis a mappingfrom a two-dimensionalparameterdo-
main W into 3D-spacegivenby a function f : W� R2 ! S � R3 [KB03]. It is
thereforesimpleto generatepointson thesurfaceS by evaluating f (u;v) for dif-
ferentparametervaluesu andv. On theotherhand,it is oftendif�cult to compute
a parameterizationfor a givensurfaceS thatmatchesthe topologicalandmetric
structureof S.

An implicit surfaceis givenasY = f x 2 R3 j F(x) = 0g whereF : R3 ! R is
a scalarfunction. F is usuallyde�ned suchthata point x is insidethesurfaceif
F(x) < 0 andoutsideif F(x) > 0. Inside/outsideteststhussimplify to checking
the sign of F(x). On the otherhand,�nding pointson the surfaceis moread-
vanced,which makes,for instance,renderingmoredif�cult thanwith anexplicit
parameterization.

In computergraphics,polygonalmeshesarethe mostcommonexplicit repre-
sentation,whereasdistance�elds aremostoften usedasan implicit representa-
tion. For instance,trianglemeshesaregivenby asetof verticesV = f v1; : : : ;vng,
a setof edgesE = f e1; : : : ;ekg, ei 2 V � V, anda setof facesF = f f1; : : : ; fmg,
fi 2 V � V � V. Explicit representationscanthereforebe easilyandef�ciently
storedin adatastructure[Bau75,Kal89].

In distance�elds, thefunctionF : R3 ! R is de�ned asthesigneddistanceto
thesurfaceS, hencedistancecomputationsareverysimple.An implicit function
is usuallystoredasvaluessampledon a 3D grid. Functionvaluesin the interior
of voxelsareobtainedby (usuallytri-linear) interpolation.Adaptivegrids,which
haveahigherresolutioncloseto thesurface[FPRJ00],decreasethememorycon-
sumptionandallow a betterrepresentationof surfacefeatures. However, since
the implicit functionat sharpfeaturesis not differentiable,purely implicit repre-
sentationscannotrepresentsharpedgesandcornerswithout taking into account
additionalinformationsuchasthesurfacegradient.Furthermore,dueto themiss-
ing parameterizationit is very dif�cult to texture dynamicallyevolving implicit
surfacesconsistently.

Interestingfor usarealsotheadvantagesanddrawbacksof implicit andexplicit
representationswhenthesurfacechangesdynamically. An explicit representation
has the advantagethat a deformationcan be controlledvery easily, for exam-
ple, by simply changingthe positionof vertices. However, strongdeformations
yield surfacedistortionsandthereforerequireremeshing.Evenworse,topological
changesandself-intersectionshave to be detectedandhandledexplicitly, which
is a dif�cult andtime consumingproblem.In contrast,becauseimplicit surfaces
arede�ned asa zero-setof a function, thesurfaceis alwaysconsistent,i.e., free
of geometricself-intersections,andchangesits topologyimplicitly. Althoughthis
is often the major reasonwhy implicit surfacesareused,it canalsobe a disad-
vantage.With implicit surfacesit is very dif�cult to detectandpreventunwanted
topologicalchanges,for instance,if two separatedsurfacesheetsmergebecause
they comeclose.
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2.4 Surface Representations

A specialclassof implicit surfacesare so-calledlevel set surfaces[OS88],
which arestateof theart in surfacetrackingfor �uid simulation[OF02,EMF02,
ELF05a]. A level setsurfaceY(x;t) evolvesalwaysalongthe surfacegradient
(i.e., the surfacenormal) accordingto a scalarvelocity function v(x;t), repre-
sentedby thefollowing partialdifferentialequation(known asthelevel setequa-
tion)

¶Y
¶t

= � vjr Y j; (2.37)

whereY is often taken as the distancefunction, thus jr Y j = 1. For level set
surfacesit is suf�cient to storeonly thefunctionvaluesin a narrow-bandaround
thesurface.After adeformation,thefunctionvaluesareupdatedef�ciently using
a fast-marchingtechnique[Set96,Set99]. The topologycanbe preventedfrom
changingby modifying theupdaterules[HXP01].

Implicit surfacesareusuallyconvertedinto anexplicit meshusingthemarching
cubes(MC) algorithm[WMW86,LC87]. A fasteralternativeto thevolume-based
MC algorithmis a surface-basedapproachcalledmarching triangles[HSIW96],
which produceshigherquality trianglesthan MC but is not guaranteedto pro-
duceclosed,manifoldmeshes.The extendedmarching cubes(EMC) [KBSS01]
anddualcontouring[JLSW02,SW02]algorithmsenhancetheMC methodby us-
ing thegradientinformationto detectandreconstructsharpfeatures.An explicit
representationcan be converted into an implicit distance�eld by voxelization
andcomputingfor eachvoxel the signeddistanceto the surface[Kau87,YT02,
SPG03].

Sinceimplicit andexplicit representationshave distinctadvantagesanddraw-
backs,the choicedependson the application. The advantagesof both can be
combinedby forwardandbackwardconversion.However, with everyconversion
informationmight get lost. Thus,a betterapproachis to combinethetwo differ-
ent representationsandusethemsimultaneously. This is usuallydoneby sam-
pling the implicit surfacewith points[FGTV92]. Witkin andHeckbert[WH94]
usean adaptive repulsionmethodto distribute thepointsover thesurface. They
employ implicit constraintsto eithermovethepointswith thesurface,or to move
thesurfacewith thepoints. Bischoff andKobbelt[BK03a,BK03b] placesample
pointson theedgesof thevoxel grid whenever thesurfaceis aboutto changeits
topologyto guaranteetopologypreservingsurfaceevolutions.To alleviatevolume
dissipation,Enrightetal. [ELF05a]samplethenarrow-bandaroundasurfacewith
particles.Theseparticlesarepassively advectedwith thevelocity �eld andguide
theevolving level setsurface.

In this dissertationwe alsoproposea combinationof implicit andexplicit rep-
resentationsfor surfaceextractionof Lagrangiananimations.Our explicit repre-
sentationconsistsof orientedsurfaceelements,so-calledsurfels(seeSection2.5),
which aredirectly usedfor rendering. This explicit representationis converted
into animplicit representationusinga projectionoperatoraswill bedescribedin
Section2.5.1.Additionally, theexplicit point-basedsurfacerepresentationis com-
binedwith animplicit representationde�nedby volumetricparticlesto exploit the
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advantagesof bothrepresentations,namelydetailedgeometrywith sharpfeatures
andimplicit topologychanges.Thisapproachis describedin detailin Section6.6.

2.4.2 Projecting a Point onto an Implicit Surface
As discussedabove,�nding pointsonanimplicit surfaceis notstraightforward.In
this sectionwe brie�y describethemostcommonmethodsfor projectinga point
x onto an implicit surfaceY = f x j F(x) = 0g, whereF : R3 ! R is a smooth,
continuousanddifferentiablefunction.A projectionoperatory (x) is de�ned asa
transformationthatis idempotent,i.e.,

y (y (x)) = y (x): (2.38)

In ourcase,y (x) is de�ned suchthatF(y (x)) = 0, hence

y (x) = x , x 2 Y: (2.39)

ComputingF(y (x)) = 0 is a typical root �nding problem.An excellentproblem
descriptionandsolutionsincludingcodecanbefoundin [PTVF92].

The simplestcaseis to �nd the root betweentwo given brackets, i.e., in an
interval (a;b) whereF(a) andF(b) have differentsigns. The bisectionmethod
always takes the midpoint of the interval and replacesone interval point with
themidpointdependingon its sign. This guaranteesto �nd a solution,however,
convergenceis only linear. Superlinearandguaranteedconvergenceis achieved
by theVan Wijngaarden-Dekker-Brentmethod(oftenjust calledBrent's method),
which combinesroot bracketing,bisectionandinversequadraticinterpolation.

If only onestartingpoint is given,onecaneithertry to bracket the zero-level
or useamethodthatsearchesthezero-level alongthesteepestdescent. Neitherof
thesemethodscanguaranteeconvergence.Themostpopularmethodof all root-
�nding routinesis theNewton-Raphsonmethod(oftencalledNewton's method).
Thismethodis derivedfrom theTaylorseriesexpansionof afunctionin theneigh-
borhoodof a point. Startingwith a point x, theprojectioncanbefoundby itera-
tively performingaNewtonstep

x0 x � r F(x)
F(x)

kr F(x)k
; x  x0: (2.40)

This is repeateduntil jF(x)j is smallerthananerrorthreshold.If thestartingpoint
is closeto thezero-level andF is suf�ciently smooth,thenthismethodconverges
quadratically. However, convergenceis not guaranteed.Therefore,oneshould
alwayscheckif the new point decreasesjF(x)j, otherwisea smallerstepalong
r F(x) shouldbetaken.

A moredif�cult problemis to ef�ciently �nd theclosestpoint to x onY. Thisis
calledanorthogonalprojection. Note that for anorthogonalprojectiony orth(x),
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the gradientr F(y orth(x)) is the normalvectorof the surfaceY at y orth(x) and
pointsin directionof x � y orth(x), i.e.,

r F(y orth(x))
kr F(y orth(x))k

=
x � y orth(x)

kx � y orth(x)k
: (2.41)

Wecanusethis to iteratively solvethisproblemby performingaNewtonstepand
evaluatethegradientr F(x0) at thenew positionx0. A new iterationstepis then
performedwith r F(x0) asfollows:

x0 x � r F(x0)
kx � x0k + F(x0)

kr F(x0)k
; (2.42)

until thechangeof x0from oneiterationto thenext is smallerthananerrorthresh-
old.

2.5 Point-based Representation
Point-basedrepresentationshave becomepopular recently for shapeprocess-
ing [Lin01, PG01,PGK02,PKG03,WPK+ 04], editing [ZPKG02,AWD+ 04],
modeling [AD03, PKKG03], rendering [ABCO+ 01, CH02,DVS03,ZRB+ 04,
WTG04,BSK04,BHZK05], streaming[Paj05], 3D video [WLG04,WLW+ 05],
and,as discussedin this dissertation,for physics-basedanimations[MKN + 04,
KMH+ 04,PPG04,PKA+ 05,KAG+ 05,AKP+ 05,WSG05]. An introductionand
detailsto all thesetopics including somepartsof this dissertationcanbe found
in [GP06]. Work on point-basedmodeling,animationand renderinghasbeen
publishedrecentlyby Adams[Ada06].

Wede�ne apoint-sampledsurfaceS = f sigi= 1;:::;n, asasetof surfaceelements
si (calledsurfels). In ourcase,eachsurfelsi hasa positionsi, two tangentaxest1

si

andt2
si
, anda setof attributessuchascolor. Thetangentaxesdescribeanellipse

with centersi andnormalni = (t1
si

� t2
si
)=




 t1

si
� t2

si




 .

2.5.1 Implicit Surface from Points
Thepoint-sampledsurfaceS de�ned abovedoesnot de�ne a manifolddueto the
missingconnectivity betweenthe surfels. This is a major advantagewhen the
surfacechangesdynamicallybecauseadaptingthesamplingof thesurfaceis very
simpleandef�cient. However, many surfaceoperationsrequirea continuously
de�ned manifoldsurface. In general,it is not possibleto �nd a global reference
domainor parameterizationfor thepointset.Instead,referencedomainsarecom-
putedlocally andsurfacepatchesarede�ned over thesereferencedomains.In his
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seminalwork, Levin [Lev98,Lev01,Lev04] proposea mesh-independentprojec-
tion strategy basedonthemoving least-squares(MLS) approach.First,a localap-
proximatingtangentplanefor apointx is computed.This frameis usedasthepa-
rameterdomainto �t a localpolynomialto thesurfels.TheresultingsmoothMLS
surfaceshave widely beenusedin computergraphics[ABCO+ 01,ABCO+ 03,
AA03b,ZPKG02,PKKG03,FCOAS03,FCOS05].AmentaandKil [AK04] pre-
senteda moregeneralde�nition of theMLS surfacebasedon anenergy function
andavector�eld, yieldingso-calledextremalsurfaces.

TheprojectionontoMLS surfaceshastwo disadvantages.First,computingthe
referencetangentplanerequiressolving a complicatednon-linearoptimization
problem.Second,theprojectionis not orthogonal.AdamsonandAlexa [AA04b]
thereforeproposedan implicit de�nition of the surfacede�ned by the surfels,
which is brie�y describedbelow.

Theimplicit functionF(x) of anapproximatingsurfaceY

Y = f x 2 B j F(x) = 0g (2.43)

is de�ned as
F(x) = n(x) � (x � a(x)) ; (2.44)

wheren(x) is thenormalizednormaldirectionde�ned atx anda(x) is aweighted
averageof neighboringsurfelpositionssj

a(x) =
å j w(




 x � sj




 ;h)sj

å j w(



 x � sj




 ;h)

; (2.45)

wherew is a weightingkernelwith supporth. Thenormaldirectionis estimated
from thesurfelnormals

n(x) =
å j w(




 x � sj




 ;h)nsj



 å j w(



 x � sj




 ;h)nsj




 : (2.46)

Alternatively, thenormalcanbeestimatedby computingthedirectionof smallest
weightedcovariance[AA03a]. NotethatY is only de�ned in theneighborhoodB
of thesurfels,whereB is theunion of a setof balls Bi with radiush centeredat
thesurfelssi , or moreformally

Bi = f x j kx � sik < hg; (2.47)

B =
[

i

Bi : (2.48)

Gradient computation

An advantageof this implicit functionde�nition is thatthegradientof f (x) canbe
computedanalytically, in contrastto theMLS surfacewhereno analyticsolution
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exists.Givenanortho-normalsystemf e0;e1;e2g, differentiatingthevector�elds

yieldsthedirectionalderivativer F(x) =
�

¶F(x)
¶e0

; ¶F(x)
¶e1

; ¶F(x)
¶e2

� T
of F(x) with

¶F(x)
¶ei

=
¶n(x)

¶ei
� (x � a(x)) + n(x) �

�
ei �

¶a(x)
¶ei

�
: (2.49)

Theanalyticderivationof ¶n(x)
¶ei

and ¶a(x)
¶ei

canbefoundin [AA04b].

Projection Operator s

Giventhe implicit surfacede�nition andtheexactevaluationof thegradientde-
scribedabove, any projectionmethoddescribedin Section2.4.2 can be used.
Whenonly onestartingpoint x is given,thesimplestprojectionoperatoris com-
putedby projectingx ontothetangentplanewith origin a(x) andnormaln(x)

x0 x � n(x) � (x � a(x)) n(x); x  x0 (2.50)

which is thenrepeatedwith thenew pointx0until kx � x0k is smallerthananerror
threshold.

Unfortunately, this projectionis not orthogonal.It canbeimprovedby repeat-
edlyprojectingfrom thestartingpoint in directionof thenew normalvectorn(x0)

x0 x � n(x0) � (x � a(x0)) n(x0); (2.51)

yieldingaprojectionthatis almostorthogonalsincen(x0) � r F(x0)=kr F(x0)k.
To computean orthogonalprojection,a startingpoint is repeatedlyprojected

ontothetangentplanein directionof thegradientr F(x0)

g  
n(x0) � (x � a(x0))

n(x0) � r F(x0)
; x0 x � gr F(x0); (2.52)

see[AA04b] for details.
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Chapter 3

State of the Ar t
In thischapterwesummarizethestateof theart in physics-baseddeformablemod-
eling and�uids in computergraphics.We �rst give a historicalbackgroundon
particlesystemsbeforewedescribeapplicationsof theSmoothedParticleHydro-
dynamicsmethod.Section3.2providesa brief overview of differentmesh-based
LagrangianmethodsandSection3.3describesthestateof theart in �uid simula-
tion usingEulerianandsemi-Lagrangianmethods.For moredetailswe refer to
ourstateof theart report[NMK + 06] andthediscussionof relevantwork givenin
eachchapterof this dissertation.A recentsurvey of real-timedeformablemod-
elsfor surgerysimulationis givenby Meier et al. [MLM + 05]. For anexhaustive
descriptionof thestateof theart in point-basedgraphicswereferto [GP06].

3.1 Meshless Lagrangian Methods

3.1.1 Partic le Systems
Particlesystemsweredevelopedby Reeves[Ree83]for explosionandsubsequent
expanding�re simulationin the feature�lm "StarTrek II: TheWrathof Khan".
The sametechniquecanalsobe usedfor modelingother fuzzy objectssuchas
cloudsandwater, i.e., for objectsthatdonothaveawell-de�nedsurface.Particles
areusuallygraphicalprimitivessuchaspointsor spheres,however, they might
alsorepresentcomplex groupdynamicssuchasa herdof animals[Rey87]. Each
particlestoresa setof properties,e.g.,position,velocity, temperature,shape,age
andlifetime. Theseattributesde�ne thedynamicalbehavior of theparticlesover
time andaresubjectto changedueto proceduralstochasticprocesses.Particles
passthroughthreedifferentphasesduring their lifetime: generation,dynamics
anddeath.

In [Ree83],particlesarepointsin 3D spacethatrepresentthevolumeof anob-
ject. A stochasticprocessgeneratesparticlesin apredeterminedgenerationshape
that de�nes a region aboutits origin into which the new particlesarerandomly
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placed.Propertyvaluesareeither�x edor maybedeterminedstochastically. Ini-
tially, particlesmoveoutwardaway from theorigin with a randomspeed.During
the dynamicsphase,particlepropertiesmight changeasa function of time and
propertiesof otherparticles. A particle's position is updatedby simply adding
the velocity. Finally, a particledies if its lifetime reacheszeroor if it doesnot
contributeto theanimationanymore,e.g.,if it is outsideof a regionof interest.A
particleis renderedasa point light sourcethataddsanamountof light depending
on its colorandtransparency property.

An advantageof particlesis their simplicity, which enablesthe animationof
a hugenumberof particlesfor complex scenes. The proceduralde�nition of
the modeland its stochasticcontrol simpli�es the humandesignof the system.
Furthermore,with particlehierarchies,complicatedfuzzy objectssuchasclouds
canbe assembledandcontrolled. Although the particlesaresimulatedomitting
inter-particleforces,the resultinganimationsareconvincing andfast for inelas-
tic phenomena.The techniquehasthus beenwidely employed in movies and
video games. Examplesof modeling waterfalls, ship wakes, breakingwaves
andsplashesusingparticlesystemscanbefoundin [FR86,Pea86,Gos90,Sim90,
OH95].

Particlesthatinteractwith eachotherdependingontheirspatialrelationshipare
referredto asspatiallycoupledparticlesystems[Ton92].Theinteractionbetween
particlesevolvesdynamicallyover time, thus,complex geometryandtopological
changescanbeeasilymodeledwith this approach.Tonnesenpresenteda frame-
work for physics-basedanimationof solidsandliquidsbasedondynamicallycou-
pledparticlesthatrepresentthevolumeof anobject[Ton91,Ton98].Eachparticle
pi hasa potentialenergy Qi that is thesumof thepairwisepotentialenergiesQi j
betweenpi andall otherotherparticlesp j , i.e.,

Qi = å
j6= i

Qi j : (3.1)

Theforcef i exertedon pi with positionpi is then

f i = �r pi Qi = � å
j6= i

r pi Qi j : (3.2)

Sofar, all particlesinteractwith eachother, resultingin O(n2) complexity where
n is the numberof particles. The computationalcostsfor computingthe force
canbereducedto O(n) whenrestrictingtheinteractionto a neighborhoodwithin
a certaindistance,and O(nlogn) for neighborsearching(seeSection7.1). To
avoid discontinuitiesat the neighborhoodboundary, the potentialsareweighted
with a continuous,smoothandmonotonicallydecreasingweightingfunctionthat
dependsonthedistanceto theparticlesandrangesfromoneattheparticleposition
to zeroat theneighborhoodboundary.

For deriving inter-particleforces,theLennard-JonespotentialQLJ is used:

QLJ(r) =
b
rn �

a
rm; (3.3)
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wherer is thedistancebetweentwo particles,andn, m, b anda areconstants.The
Lennard-Jonespotentialis well known in moleculardynamicsfor modelingthe
interactionpotentialbetweenpairsof atoms.It createslong-rangeattractive and
short-rangerepulsive forces,yieldingparticlesarrangedinto hexagonallyordered
2D layersin absenceof external forces. A moreconvenientformulation,called
theLennard-Jonesbi-reciprocalfunction,is writtenas

QLJ(r) =
� eo

m� n

�
m

� r0

r

� n
� n

� r0

r

� m�
; (3.4)

wherer0 is theequilibriumseparationdistance, and� e0 is theminimal potential
(themagnitudeis calledthedissociationenergy). Increasingthedissociationen-
ergy increasesthestiffnessof themodel,whereasthewidth of thepotentialwell is
controlledwith theexponentsn andm. Thus,largedissociationenergy andhigh
exponentsyield rigid andbrittle material,whereaslow dissociationenergy and
smallexponentsresultin soft andelasticbehavior of theobject.This enablesthe
modelingof a wide variety of physicalmaterialsrangingfrom stiff to �uid-lik e
behavior. By couplingthedissociationenergy with thermalenergy suchthat the
total systemenergy is conserved,objectscanbemeltedandfrozen.Furthermore,
thermalexpansionandcontractioncanbesimulatedby adaptingtheequilibrium
separationdistancer0 to thetemperature.

Oneproblemof particlesystemsis thatthesurfaceis not explicitly de�ned. To
extractasmoothsurfacefrom theparticles,analgorithmis usedwhichwasdevel-
opedto modelelectrondensitymapsof molecularstructures[Bli82]. A Gaussian
potential

j i(x) = be� ar2
; (3.5)

which is oftencalleda blob, is assignedto eachparticle,wherea andb arecon-
stantsandr = kx � pik is the distancefrom an arbitrarypoint x in spaceto the
particle's positionpi . A continuouslyde�ned potential�eld j (x) in spaceis ob-
tainedby summingthecontribution from eachparticle

j (x) = å
i

j i(x): (3.6)

The surfaceY I is thende�ned asan isovalueI of j (x). This yields an implicit
coatingof theparticles,which adaptsto topologicalchangessuchassplitting and
mergingby construction.For amoreintuitivecontrolof thesurface,theconstants
a andb canbe computedasa = � b=r2 andb = Ie� b, wherer is the radiusin
isolationandb theblobiness.

Theimplicit coatingof particlesfor soft inelasticsubstancesundergoingtopo-
logicalchangesposechallengingproblemssuchasvolumepreservation,avoiding
unwantedblendingandcontactmodeling.Thesewereaddressedby Desbrunand
Caniin a seriesof papers[Can93a,DC94,DC95]. A hybrid modelis appliedthat
is composedof two layers:Particlesareusedto simulatesoft inelasticsubstances
asdescribedabove,whereasanelasticimplicit layerde�nesthesurfaceof anob-
jectandis locally deformedduringcollisions.A problemof theimplicit coatingis
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thatthevolumemaychangesigni�cantly duringdeformation,especiallyfor split-
ting andmerging. However, ef�ciently computingthevolumeof a soft objectis
not trivial. A territory of a particlepi is de�ned asthe(volumetric)partVi of the
objectwherethe�eld contribution of pi is thehighest.Notethat territoriesform
a partitionof theimplicit volumeof anobject.Eachparticlesamplesits territory
boundaryby sendinga �x ednumberof pointscalledseedsin a setof distributed
directionsuntil they reachtheboundary. Thevolumeof aparticleis approximated
by simply summingup the distancesfrom the particle to the seeds. The local
volumevariationcanthenbeeasilyapproximatedfor eachparticle,andthe�eld
functionis changedaccordinglysuchthatthevolumeis preserved.Anotherprob-
lem is thatsplit objectpartsmight blendwith eachotherwhenthey comeclose.
To avoid this, an in�uence graph is built at eachanimationstepby recursively
addingthe neighborsof a particlethat arein its sphereof in�uence to the same
connectedcomponent.Only theparticlesof thesamecomponentcaninteractand
their �eld functionsareblended.However, the problemarisesthat two or more
separatedcomponentsmight collide. For detectinga collision, theseedpointson
the isosurfaceY I aretestedagainstthe �eld functionof anothercomponent.For
resolvinginterpenetrationsbetweentwo componentswith potentialfunctionsj 1
and j 2, exact contactsurfacesarecomputedby applyingnegative compressing
potentialsg2;1 andg1;2 suchthat j 1 + g2;1 = j 2 + g1;2 = I , resultingin a local
compression.To compensatethecompressionandensureC1 continuityof thede-
formedsurfaces,positive dilating potentialsareappliedin areasde�ned around
the interpenetrationzone[Can93a,OC97]. For collision response,the compres-
sion potentialsgi; j arecomputedfor eachcolliding seedandthentransmittedas
responseforce to the correspondingparticle. Additionally, the two components
might bemergedlocally wherethecollision forceexceedsa threshold.

Szeliski and Tonnesenintroducedoriented particles for deformablesurface
modeling[ST92,Ton98],whereeachparticlerepresentsa small surfaceelement
(similar to surfels, seeSection2.5). Eachparticlehasa local coordinateframe,
givenby thepositionof theparticle,a normalvectoranda local tangentplaneto
the surface. To arrangethe particlesinto surface-like arrangements,interaction
potentialsarede�ned that favor locally planaror locally sphericalarrangements.
TheLennard-Jonespotentialdescribedabove is usedto controltheaverageinter-
particlespacing.Theweightedsumof all potentialsyieldstheenergy of aparticle,
wherethe weightscontrol the bendingandstiffnessof the surface. Variationof
theparticleenergy with respectto its positionandorientationyieldsforcesacting
on thepositionsandtorquesactingon theorientations,respectively. Using these
forcesand torques,the Newtonian equationsfor linear and angularmotion are
solvedusingexplicit time integration.

Recently, Bell etal. presentedamethodfor simulatinggranularmaterials,such
assandandgrains,usinga particlesystem[BYM05]. A (non-spherical)grain is
composedof severalroundparticles,which move togetherasa singlerigid body.
Therefore,stick-slipbehavior naturallyoccurs.Moleculardynamics(MD) is used
to computecontactforcesfor overlappingparticles. The samecontactmodel is
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Figure 3.1: Simulationof a lava lampusingtheSPHmethod[MSKG05].

usedfor collision of granularmaterialswith rigid bodies,or evenbetweenrigid-
bodies,by simplysamplingtherigid bodysurfacewith particles(seeSection4.4.2
for moredetails).

3.1.2 Smoothed Partic le Hydr odynamics
The SmoothedParticle Hydrodynamics(SPH) methodis a particle-basedLa-
grangian techniquewhere discrete, smoothedparticles are used to compute
approximatevaluesof neededphysicalquantitiesand their spatialderivatives.
Forcescanbeeasilyderiveddirectly from thestateequations.As aparticle-based
Lagrangianapproachmassis conserved exactly and convection is dispensable.
A drawbackof the SPHmethodis that it is dif�cult to exactly maintainthe in-
compressibilityof material.A detaileddescriptionof theSPHmethodis givenin
Section2.3. In the following, we will discussapplicationsof SPHin computer
graphics.

SPH was introducedindependentlyby Gingold and Monaghan[GM77] and
Lucy [Luc77], for thesimulationof astrophysicalproblemssuchas�ssion of stars.
StamandFiumeintroducedSPHto the computergraphicscommunityto depict
�re and other gaseousphenomena[SF95]. They solve the advection-diffusion
equationfor densitiescomposedof "warpedblobs". DesbrunandCanisolve the
stateequationsfor theanimationof highly deformablebodiesusingSPH[DC96].
They achieve theanimationof inelasticbodieswith a wide rangeof stiffnessand
viscosity. Consideringtheobjectasa setof smeared-outmasses,they de�ne the
surfaceasan isosurfaceof the massdensityfunction. To introducesurfaceten-
sionandcontrolsurfacecharacteristicssuchasconstantvolume,anactivesurface
thatevolvesdependingon thevelocity �eld, similar to snakes[KWT88], is pro-
posed[DC98]. An adaptiveframework wheretheresolutionof particlesis adapted
in bothspaceandtime basedon a particlesplitting andmerging approachis pre-
sentedin [DC99].

SPH has also becomepopular recently for �uid simulations. Stora et al.
[SAC+ 99] animatelava �o ws by coupling viscosity with a temperature�eld
and simulatedheat transferbetweenthe particles. By consideringhair as a
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�uid-lik e continuum,HadapandMagnenat-Thalmann[HMT01] useda modi�ed
formulationof SPHto simulatehair-hair interactions.Premo�eet al. [PTB+ 03]
introducedthemoving particlesemi-implicitmethod(MPS)[KTO95] to thecom-
putergraphicscommunityfor simulatingincompressiblemultiphase�uids. Nice
visualresultswereproducedby couplingthephysicalparticleswith level setsfor
surfacereconstruction.Müller et al. [MCG03] presenteda methodbasedon SPH
andnew smoothingkernels,with which �uids with freesurfacescanbesimulated
at interactive rateswith up to 5000particles. In [MSHG04], the interactionof
Lagrangian�uids andmesh-baseddeformablesolidsaremodeledby placingvir-
tual boundaryparticles,so-calledghostparticles[Mon94], on the surfaceof the
solid objectsaccordingto theGaussianquadraturerule. This methodis extended
in [MSKG05] sothatthesimulationof phenomenasuchasboiling water, trapped
air andthe dynamicsof a lava lamp arepossible(Figure3.1). Liquids with dif-
ferentpolaritiesaresimulatedby computinga bodyforcethatactsperpendicular
to the interfaceof two liquids. The force is proportionalto the curvatureof the
interfaceand the surfacetension. Additionally, air particlesare generatedand
deleteddynamicallywhereair pocketsarelikely to beformed,makingit possible
to simulatetrappedair. Clavet et al. [CBP05]achieve viscoelastic�uid behavior
by couplingtheSPHmethodwith springs,whereplasticeffectsareachievedby
increasingthesprings' restlengths,similar to [TPF89]. Wicke et al. [WHP+ 06]
de�ne the initial hexagonallatticesamplingasrestshapeandcomputerestoring
forcesby matchingtheparticlepositionsto their assignedlatticepositions.Thus,
no neighborhoodinformationneedsto bestored,makingthemethodsuitablefor
meltingandfreezinganimations.

3.2 Mesh-Based Lagrangian Methods

3.2.1 The Finite Element Method
The �nite elementmethod(FEM) is a very popularandwell studiedmethodfor
approximatingthesolutionof partialdifferentialequations(PDEs),wherethevol-
umeof an objectis discretizedusingan irregularmesh(seee.g.[CMPW89] for
a nice introduction). In Newtonianmechanics,the PDE hasthe form (seeSec-
tion 2.1.1)

ẍ = f ( �x;x;t); (3.7)

wherex(p;t) is a spatiallycontinuousfunction. This function canbe approxi-
matedby solvingfor thenodalpositionspi(t) of themesh

hx(p;t)i = å
i

pi(t)F i(p); (3.8)

whereF i(p) are�xed nodalbasisfunctionsthatare(in theoriginal FEM) oneat
nodei andzeroatall othernodes.Substitutinghx(p;t)i into Equation(3.7)yields
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Figure 3.2: The pit bull with its in�ated head(left) shows the artifact of linear FEM
underlarge rotationaldeformations. The correctdeformationis shown on the
right [MG04]. Imagecourtesyof MatthiasMüller, AGEIA/NovodeX.

asetof algebraicequations,whicharethensolvednumerically. Notethatchoosing
constantlinearbasisfunctionsresultsin the�nite differencemethoddescribedin
thenext section.

Insteadof solving this equationsystem,a popularmethod(sometimescalled
explicit FEM [DCA99,OH99]) in computergraphicsis to computenodalforces
by treatingthenodeslikemasspointsin mass-springsystems,whereeachelement
is a springconnectingtheadjacentnodes[OH99,DDCB01,MDM + 02]. Thenew
nodalpositionsarethencomputedby simply integratingtheforcesin time using
anexplicit or implicit scheme.For stablesimulations,non-linearequationsareof-
tenlinearizedsuchthatanimplicit integrationschemewith alinearequationsolver
canbe applied. Unfortunately, linearizedelasticforcesareonly valid for small
deformations,whereaslarge rotationaldeformationsyield inaccuraterestoring
forces[MDM + 02]. To eliminatetheseartifacts,Müller et al. [MDM + 02,MG04]
extracttherotationalpartof thedeformationfor each�nite elementandcompute
theforceswith respectto thenon-rotatedreferenceframe(cf. Figure3.2).

O'Brien etal. [OH99,OBH02b]simulatedfracturingof elasticandelastoplastic
materialusingtetrahedral�nite elementswith linearbasisfunctionsandexplicit
integration. Müller et al. [MMDJ01] achieve real-timedeformationsand frac-
ture by solving for staticequilibrium con�gurationsexcept for collision events.
Debunneet al. [DDCB01] usea linear elasticmodelbasedon the Laméformu-
lation for computingthedeformationof an object. Applying FEM to this linear
PDEresultsin a linearequationsystem.This systemis solvedef�ciently usinga
hierarchywith volumetricmeshesof differentresolutions.Wu et al. [WDGT01]
describeanadaptivenonlinearFEM simulationbasedonprecomputedprogressive
meshes[Hop96]. Insteadof re�ning themeshelements,Grinspunet al. [GKS02]
re�ne basisfunctionsin theirframeworkcalledCHARMS(conforming,hierarchi-
cal, adapative re�nementmethods).Irving et al. [ITF04] addresstheproblemof
elementinversionby deriving forcesfrom thedeformationgradient.Cubical�nite
elementswith anembeddedhighresolutionsurfacehavebeenemployedbyMüller
etal. [MTG04] for stableandef�cient fracturesimulation.To supporttopological
changeswhile maintainingwell-shapedelements,Molino et al. [MBF04] create
duplicatesof theoriginalelementswhichareanimatedasvirtual nodes.
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3.2.2 The Finite Diff erence Method
FEM approximatesthesolutionof adifferentialequation,whereastheFiniteDif-
ferenceMethod(FDM) approximatesthe equationitself. A major disadvantage
of thissimpleandef�cient schemeis its dif�culty to approximatetheboundaryof
anarbitraryobjectwith a regularmesh.

Terzopoulosetal. [TPBF87]deriveanenergy functionalastheweightedmatrix
normof the differencebetweenthemetric tensorsof thedeformedandoriginal.
Theelasticforcesarecomputedby discretizingthecontinuousdirectionalderiva-
tive of this energy termusingFDM. Finally, theforcesareintegratedin time us-
ing semi-implicit integration. Furtherwork coversviscoelasticity, plasticity and
fracture[TF88]. Furthermore,TerzopoulosandWitkin [TW88] proposeto de-
composethe deformationinto a referenceanda displacementcomponent.The
referencecomponentis movedrigidly with thedisplacedcomponent.Theforces
arethencomputedrelative to this referencecomponentto improve thenumerical
stability.

3.2.3 The Finite Volume Method
Althoughthe�nite volumemethod(FVM) is usedin many CFD packages,it has
beenlargely ignoredin computergraphics.Debunneet al. [DDCB00] improved
their �nite differenceapproachfor multiresolutionanimationof deformingob-
jects [DDBC99] usinga �nite volumeintegrationtechniqueto approximatethe
Laplacianandthegradientof thedivergenceoperators.Teranetal. [TBHF03] use
FVM to simulateskeletalmuscle.Similar in spirit to thegeometricallymotived
FVM, they proposeageometricway to computestrainwhich leadsto anintuitive
wayof integratingtheequationsof motions.

3.2.4 The Boundar y Element Method
UnlikethevolumetricFEM method,theBoundaryElementMethod(BEM) solves
theequationof motionat theboundary(surface)of anobject,see[Hun05] for an
introduction. This is achieved by transformingthe volumeintegral form into a
surfaceintegral by applying the Green-Gausstheorem. Thus, the 3D problem
is reducedinto a 2D problem,which resultsin a substantialspeedupfor solving
theequation.However, BEM canonly beappliedto homogeneousmaterial,and
topologicalchangesaredif�cult to handle.

JamesandPai employ BEM for accuratereal-timesimulationof deformable
objects.Basedon a linearelasticmodel,referenceboundaryvalueproblemsare
precomputed[JP99].Thesearecombinedat run-timeusinga fastupdatemethod
thatexploitscoherence.They extendedthisframework for thesimulationof multi-
zoneelastokinematicmodels[JP02]andaugmentit byamultiresolutiontechnique
basedon waveletsto reducethememoryrequirements[JP03].
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Figure 3.3: Clothmodeledusingamass-springsystem[BFA02]. Imagecourtesyof Robert
Bridson,UBC.

3.2.5 Mass-Spring Systems

Mass-springsystemsdiscretizethe spaceby simply connectingmasspoints to-
getherby a network of masslesssprings.This network is �x ed,whereasin par-
ticle systemsdescribedin Section3.1.1thenetwork is recomputedin every time
step.Mass-springsystemshave beenpopularin computergraphicsfor modeling
faces[PB81,Wat87],soft tissues[CHP89,TW90,WT91], andthe locomotionof
simplecreatures[Mil88, TT94]. Melting hasbeensimulatedby decreasingthe
springstiffnessaccordingto a mass-pointstemperature,and�nally the springis
removedcompletely[TPF89,MP89,CBP05].

Breenetal. [BHW94] statethatmass-springsystemsaresuitablefor clothsim-
ulationdueto thefactthatcloth is amechanismof warpandweft �bres, andnota
continuum.Sincethen,mass-springsystemshavedominatedtheclothsimulation
literature[EWS96,VMT97, BW98,CK02,EGS03]. A bendingmodel for cloth
hasbeenpresentedby Bridsonet al. [BMF03] andfor discreteshell simulation
by Grinspunet al. [GHDS03]. Adaptivemeshingtechniquesfor cloth simulation
havebeenpresentedin [HPH96,VB02,LV05]. Teschneretal. [THMG04] present
aversatileandef�cient modelthatcanbeappliedfor bothdeformingsurfacesand
volumesusingtetrahedralandtrianglemeshes.Springforcesarecomputedfrom
potentialenergy thatpreserve distancesbetweenvertices,thesurfaceareaof the
object,andthevolumeof tetrahedra.

Spring constantsusually needto be tunedmanuallybecausethey do not di-
rectly correspondto physicalvalues. To searchfor theseparameters,simulated
annealing[BTH+ 03] andageneticalgorithm[BSSH04]havebeenproposed.

A lot of researchhasbeendonein developing time integration schemethat
preservethelargescalefolding andwrinkling of clothwhile stablyandef�ciently
solvingthestiff equationsystems.A discussionof this topic is outof thescopeof
thisdissertation,we referto [NMK + 06] for anicesurvey.
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3.3 Eulerian and Semi-La grangian
Methods
Sofar, we discussedmeshlessandmesh-basedLagrangianmethods.In this sec-
tion we will look at Eulerianandsemi-Lagrangianmethodsusedfor �uid simu-
lation in computergraphics.Furthermore,we will explorehow �uid boundaries
are representedin the Euleriansetting. SeeSection2.2 for a discussionof the
fundamentaldifferencesbetweenEulerianandLagrangianmethods.

FosterandMetaxaspopularized�uid simulationby a seriesof papers[FM96,
FM97b,FM97a].They solvetheNavier-Stokes(NS)equationsfor incompressible
�uids (Section2.1.4)

r � v = 0; (3.9)
¶v
¶t

= g|{z}
ext. force

� (v � r )v
| {z }

advection

+
1
r

r � (µr v)
| {z }

viscosity

�
1
r

r P
| {z }
pressure

; (3.10)

using �nite differenceson a regular voxel grid. The �uid velocity is storedon
thecell facesof thegrid, whereasthepressureandotherscalarvaluesarestored
at the cell centerto avoid pressureoscillations. This is known asstaggered (or
MAC) grid. For solving theNS equations,thesingletermsaresolvedseparately
(so-calledoperator splitting). First,theexternalforceis simply integratedin time.
Stam[Sta99]proposedamethodtostablysolvethe(non-linear)advectiontermfor
arbitrarytime stepsusinga semi-Lagrangiantechnique.The ideais to backtrack
theconsideredgrid point xt in time to �nd thepositionxt� Dt in thelast time step
t � Dt, atwhichaparticlewouldhavemovedto xt . Theconsideredattributeis then
interpolatedatxt� Dt from theneighboringgrid cell attributesatt � Dt. Finally, the
attribute at xt is updatedwith this value. Following, the (linear) viscosity term
is solved,e.g.,using�nite differences.Theobtainedvelocity ṽ after thesethree
stepsis calleda bestguessvelocity, wherethe pressureandmassconservation
(Equation(3.9)) hasnot beentaken into accountyet. In the so-calledpressure
projectionstep,themissingpressuretermis addedto this velocity

vnew = ṽ � Dtr P; (3.11)

whereDt is theusedtime step.Thisequationis thenpluggedinto Equation(3.9),
yielding(afterrearrangingtheterms)aPoissonequationfor theunknownpressure

Dtr 2P = r � ṽ: (3.12)

Solving this symmetricandpositivede�nite systemof equationsyieldsthepres-
sure,which is thenpluggedbackinto Equation(3.11)to obtainthe�nal vnew, re-
sultingin adivergencefree(andthusincompressible)�uid. Thesetechniquescan
alsobe appliedon an adaptively re�ned grid, suchasan octree[SY04,LGF04].
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Irving et al. [IGLF06] couplea 2D techniquesimilar to �uid methodsbasedon
height �elds [KM90, OH95] with a full 3D Navier-Stokessolver at the surface.
This enablesspeedingup thesimulationof largebodiesof waterwhile capturing
detailedsurfacemotion.

To simulatesmoke, Stam[Sta99]useda scalardensity�eld to de�ne quanti-
ties of smoke on the grid, andaddsbuoyancy forcesbasedon the local smoke
density. The density�eld is advectedwith the semi-Lagrangiantechniquede-
scribedabove. This approachis unconditionallystable,but the �eld is smoothed
dueto the interpolationof thevalues,especiallyon coarsegrids. To reintroduce
the lost small scaleswirling motion in smoke simulations,Fedkiwet al. [FSJ01]
addan arti�cial vorticity con�nementforce. A differentapproachwastaken by
Kim et al. [KLLR05] who appliedback and forth error compensationand cor-
rectionto the semi-Lagrangiantechniqueto greatlyreducethe dissipationwhile
maintainingits stability. A differentsemi-Lagrangiantechniquefor computing
theadvectioncoinedparticle-in-cell (PIC) methodhasbeenpresentedalreadyin
1963by Harlow [Har63]. The grid cells are sampledwith particles. In a �rst
step,thevelocity of theparticlesareinterpolatedonto thegrid cells. Second,all
�uid termsexceptof theadvectionarecomputedonthegrid. Third, thecomputed
cell velocitiesareinterpolatedbackonto the particles,which arethenmoved in
time. Thus,thevelocitiesaresmoothedtwo times,yielding a very viscous�uid.
Brackbill andRuppertget rid of thesmoothingin the third stepby only interpo-
latingthedifferenceof old andnew velocityof acell backto theparticles[BR86].
Thisapproachis coined�uid-implicit-particle (FLIP) method.Recently, Zhu and
Bridsonusedamodelfor sandin combinationwith eitherPICor FLIP to animate
sandasa �uid [ZB05], andGuendelmanetal. [GSLF05]usedFLIP to reducethe
dissipationin theadaptiveoctreemethod[LGF04]. Selleet al. [SRF05]combine
Lagrangianvortex particleswith Eulerianmethodsto preserve smallscaledetail,
wherethevorticity con�nementforceis usedto drivethegrid basedvelocity �eld
towardstheparticles'vorticity.

To renderthe �uid boundary, Fosterand Metaxas[FM96] passively advect
masslessmarkerparticles,whicharerenderedin [FM97b] assmoothedellipsoids
with an orientationbasedon thevelocity of the particleanda normalcomputed
from thepositionof thenearbyparticles.Carlsonet al. [CMVT02] improvedon
this techniqueby splattingthe particlesandextract an isosurfaceasa polygonal
mesh.For smoke visualization,Stamadvectsa scalarsmoke density�eld using
thesemi-Lagrangiantechniquedescribedabove. Thisdensity�eld is thenvolume
rendered.FosterandFedkiw [FF01] werethe �rst in computergraphicsto ani-
matethe�uid boundaryaslevel sets[OS88](seeSection2.4.1).Level setvalues
areonly de�ned at Euleriangrid nodes,yieldingnumericaldissipationof massin
under-resolved,high curvatureregions[EFFM02]. This problemhasbeenallevi-
atedby Enrightet al. [EMF02,EFFM02,ELF05b]by samplingthe�uid interface
on bothsideswith masslessparticles,which arepassively advectedwith the�o w
andperiodicallyreseeded.Particlesthatescapetheimplicit surfacearethenused
to correcterrorsin the level setrepresentation.Losassoet al. [LSSF06]extend
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Figure 3.4: Melting bunny [CMVT02, Car04]. Imagecourtesyof Mark Carlson,DNA
Productions,Inc.

thelevel setalgorithmsuchthatmultiple interactingliquidscanbesimulated,and
coupleliquid and�re [NFJ02]simulation.Rasmussenet al. [REN+ 04] introduce
twoadditionalkindof levelsetparticles:viscosityparticlesfor melting,andveloc-
ity divergenceparticlesfor controllingtheexpansionandcontractionof theliquid.
Air markerparticlesthatbecometrappedinsidethe�uid aresimulatedasbubbles
by GreenwoodandHouse[GH04]. Guendelmanet al. [GSLF05]advectandren-
derwatermarker particlesthatescapedthereconstructedsurfaceassplashesand
spray. Kim etal. [KCC+ 06] goonestepfurtherandconvert thesemarkerparticles
into physicalparticles,which arethensimulatedusingthePIC andFLIP method
describedabove. A descriptionof a particle level set library including source
codeis givenby MokhberiandFaloutsos[MF]. An ef�cient schemefor storing
level setsbasedon run-lengthencoding(RLE) hasbeenproposedby Houstonet
al. [HWB04,HNB+ 05,HNB+ 06].

Insteadof usingmarker particles,lossof volume canbe decreasedby using
theerrorcompensationandcorrectionmethoddescribedby Kim etal. [KLLR05].
Bargteil etal. [BGOS06]circumventthedissipationproblemsdueto interpolation
of level setsby combiningthe advectionof a distance�eld with an explicit sur-
face.In every step,they computethedistancevalueof a grid point to thesurface
by backtrackingthepoint in time usingthesemi-Lagrangianapproachdescribed
above. Thedistancevalueof the foundpoint is computedexactly by computing
thedistanceof thepoint to thesurfacegivenasatrianglemesh.Thenew surfaceis
thenextractedwith anadaptedversionof themarchingcubesalgorithm[LC87],
wherethe position of the triangle verticeson the grid edgesare found using a
secantmethod.Thus,interpolationis avoidedaltogether.

Severalextensionsof thestandard�uid solver have beenproposedto simulate
variouseffects. Hong andKim [HK05b] usethe ghost�uid method[Fed02]to
simulatesurfacetensionof both free andbubblesurfacesby modelingthe dis-
continuityat the interfacebetweenwaterandair. For obtainingaccuratederiva-
tives, both pressureand velocity are extrapolatedacrossinterfaces. Carlsonet
al. [CMVT02] adda temperatureandvariableviscosity�eld to simulatemelting
of solid objectsinto liquid. Solid objectsaresimply modeledasa �uid with very
highviscosity. Solidsaremeltedby decreasingtheirviscosity, whichis coupledto
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Figure 3.5: A drippingviscoelastic�uid [GBO04]. Imagecourtesyof TolgaG. Goktekin,
UC Berkeley.

thetemperature(Figure3.4).Tocopewith thestiff equationsduetohighviscosity,
an implicit integrationschemeis used. Goktektinet al. [GBO04] addan elastic
termto theNSequationsfor animatingviscoelasticsubstances(Figure3.5),where
thestraintensor�eld is advectedthroughoutthe�uid grid. Carlsonetal. [CMT04]
simulatethe interactionbetweenrigid bodiesand �uids by projectingthe rigid
bodyon aEuleriangrid andtreatingit asa rigid �uid. This is achievedby adding
anextra term to theNS equationsdueto thedeformationstressinsidethesolid.
Thus,thesamesolver asfor the�uid is usedto computethecell velocitiesof the
rigid body, which are then usedin the next time stepby the rigid body solver.
Discretizingthe objectson the grid is avoidedby Guendelmanet al. [GSLF05],
whocouplewaterandsmokewith thin deformableandrigid shellsby castingrays
from the cell centerto the neighboringcell centersto �nd intersectionwith the
objects.Thevelocityof theobjectat theintersectionpoint is thenusedasbound-
ary condition. Theaforementionedworksuseda couplingtechniquecalledtime
splitting, wheresolidsand�uids arecomputedalternatelywhile �xing the �uid
pressureandthesolid'svelocity, respectively. Klingneretal. [KFCO06]combine
both the �uid pressureprojectionandthe implicit solid velocity integrationstep
into onesetof equations,which arethensolved simultaneously. While this in-
creasestheaccuracy of thecouplingandthereforeallowsto takelargertimesteps,
it resultsin a largenon-symmetriclinearequationsystemthat is composedof all
�uid andsolid degreesof freedom,which is computationallymoreexpensive to
solve. Losassoet al. [LIGF06] combinestandardFEM solid simulationwith Eu-
lerian �uid solversto simulatemelting andburning of solids. The boundaryis
de�nedasthelevel setstoredonthemeshnodesin materialcoordinateswherethe
meshis static.Thetransitionfrom solid to �uid is achievedby adaptingthenodal
level setvalues.

The volume-of-�uid (VOF) method[HN81] storesin eachvoxel the volume
fraction of liquid in a voxel. The interfacecrossesthosecells that areonly par-
tially �lled, i.e., wherethe fraction is smallerthanone. This additionalinforma-
tion canbealsousedto computesurfaceslopesandcurvatures,which is needed,
for instance,to simulatesurfacetension. Becausethe curvaturecomputationis
lessaccuratethanwith level sets,SussmanandPuckett [SP00,Sus03]coupledthe
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Figure 3.6: Controlled�uid simulationwith detailpreservationusingthelatticeBoltzmann
method[TKPR06].

VOF andlevel setmethods(calledCLSVOF) to combinetheadvantagesof both,
namelyvolumepreservationandsmoothsurfaces.HongandKim [HK03] model
surfacetensionforcesfor risingbubbles.Takahasietal. [TFK+ 03] employ thecu-
bic interpolatedpropagation(CIP) [TNY85, TY87] methodto simulatesplashes
andfoam. The CIP methodadvectsadditionallyto the velocity alsothe surface
gradientto obtaina sharpinterfacebetweenwaterandair. Songet al. [SSK05]
adoptthe semi-Lagrangianadvection to reducenumericaldissipation,andcon-
vert dissipative cells into dropletsor bubbles.Subsequently, thesefragmentsun-
dergo Lagrangianmotion. Mihalef produceimpressive resultsof 3D breaking
waves[MMS04]. The3D simulationis controlledusing2D slicesgeneratedby a
2D �uid solverwith prescribedinitial conditionsderivedfrom linearwavetheory.

Insteadof regular grids it is alsopossibleto useunstructuredmeshes.These
have the advantagethat they conform better to irregular boundaries[FOK05,
ETK+ 05]. Feldmanet al. [FOKG05] usedthe arbitrary Lagrangian-Eulerian
(ALE) methodto adaptthecomputationalmeshto deformingboundaries.Klinger
et al. [KFCO06] go onestepfurtherandremeshthedomainevery time stepsuch
thatit conformsalsoto moving objects.

A differentapproachcoinedlatticeBoltzmannmethod(LBM) [FdH+ 87] solves
the Boltzmannequationto approximatethe NS equations(see[Suc01] for an
overview of themethod).It workssimilar to acellularautomaton,wherethephys-
ical domainis discretizedinto grid cells. A cell only interactswith cells in its di-
rectneighborhood.LBM performswell for complex geometriesand,if combined
with a VOF method,is fully massconserving.Wei et al. [WZF+ 03,WZF+ 04]
usedLBM to simulatewind �elds interactingwith light-weight objectssuchas
soapbubblesand a feather, where they exploit graphicshardware for parallel
computations.Furthermore,they achieve to simulategaseousphenomenaat in-
teractive rates[WLMK04]. Thürey andRüde[TR04] applyLBM for interactive
simulationof liquids with freesurfaces.Implementationdetailsandan adaptive
time steppingschemeis givenin [TKR05]. In [TKPR06], force�elds de�ned by
particlesareintroducedto control the�uid �o w. Thewholeframework hasbeen
integratedinto Blender[Thü06]. A hybrid simulationmethodthat couplesa 2D
shallow watersimulationwith a3D freesurface�uid simulation,augmentedwith
particlesfor theanimationof drops,is givenin [TRS06].
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Chapter 4

Multiresolution Fluid
Simulation

In this chaptera new multiresolutionparticlemethodfor �uid simulationis pre-
sented.Thediscretizationof the�uid dynamicallyadaptsto thecharacteristicsof
the�o w to resolve �ne-scalevisualdetail,while reducingtheoverall complexity
of thecomputations.We introducetheconceptof virtual particlesto implement
ef�cient re�nementandcoarsi�cationoperators.Furthermore,a consistentcou-
pling betweenparticlesat differentresolutionlevels is achieved,i.e., our scheme
guaranteesthatonly particlesof thesamesizeinteractandthusmomentumis pre-
served. Our multiresolutionmethodleadsto speedupsof up to a factorof six as
comparedtosingleresolutionsimulations.Oursystemsupportsmultiphaseeffects
suchasbubblesandfoam,aswell asrigid body interactions,basedon a uni�ed
particleinteractionmetaphor. Thewater-air interfaceis trackedwith aLagrangian
level setapproachusinga novel Delaunay-basedsurfacecontouringmethodthat
accuratelyresolves �ne-scale surfacedetail while guaranteeingpreservation of
�uid volume.

In our �uid model(Section4.3), the �uid is sampledwith particleswhich are
usedas interpolationpoints by the SmoothedParticle Hydrodynamicsmethod
(Section2.3) for solvingtheNavier-Stokesequations.Additionally to waterpar-
ticles,air particlesaregeneratedon the�y at thewater-air interfaceandtwo-way
couplingbetweenwaterandair is modeledby simulatingcohesionat theinterface
(Section4.4). With thesameinteractionmodel,also�uid-rigid bodyinteractions
canbe simulatedef�ciently . The �uid model is enhancedwith virtual particles,
whichprovideaconsistentandrobustcouplingbetweenparticlesof differentreso-
lutionsandenableto dynamicallyadapttheparticleresolution(Section4.5)with-
out introducingvisualdiscontinuities.Thesurfaceis extractedasthe isovalueof
acolor �eld usingDelaunaytriangulationandtetrahedramarching(Section4.6).
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4.1 Intr oduction

Capturingthe multi-scalenatureof �uid �o w, suchas turbulence,bubbles,co-
hesion,andRayleigh-Taylor instabilities,typically requiresahigh-resolutiondis-
cretizationof thecomputationaldomain.Sinceuniform methods,suchasregular
grids or constant-massparticlesystems,suffer from cubic complexity and thus
high computationand memorydemands,spatiallyadaptive methodshave been
proposedto improve scalability. Whendesigningsuchan adaptive scheme,two
main questionsneedto be addressed:How to computeanddynamicallyupdate
theadaptivediscretizationof thedomain,andhow to de�ne thediscretedifferen-
tial operatorsonthisnon-uniformdiscretization?Clearly, anadaptivemethodcan
only besuccessful,if thesavingsin memoryandprocessingtimearenotsurpassed
by theoverheadfor maintainingtheadaptivespatialdatastructures.Similarly, an
appropriatediscretizationof theunderlying�uid �o w equationsis crucial to ob-
tain aconsistentandef�ciently computablesolution.

Losassoet al. [LGF04] recently introducedsucha schemebasedon an un-
restrictedoctreedecomposition.A careful designof the divergenceandgradi-
ent operatorsyields a symmetricdiscretizationof the Poissonequation,which
can be ef�ciently solved even for large simulationdomains(seealso [SY04]).
Adaptive meshre�nement [BO84,SAB+ 99] is a differentEulerianstrategy that
usesa set of uniform grids at different resolution,see[LFO05] for a compari-
son. Irving et al. [IGLF06] coupletwo andthreedimensionaltechniquesto re-
ducethe simulationcomplexity. Similar in the spirit to our approach,they use
a full 3D Navier-Stokessolver at thesurfaceto capturedetailedsurfacemotion,
while further away of the surfacetall cells are usedsimilar to 2D height �eld
approaches[KM90, OH95].

Spatialadaptivity in the Euleriansettingcanbe problematic,however. Fluid
moving throughspacerequiresconstantre�nementandcoarseningof theunder-
lying mesh,which leadsto frequentmemoryupdatesandthushighcomputational
cost.Considera simpledropfalling down asillustratedin Figure4.1. Sincehigh
spatialresolutionis desiredcloseto theinterface,themeshhasto becontinuously
re�ned andcoarsenedas the drop moves throughthe spatially �x ed grid, even
whennothinginterestingis happeningin termsof �uid dynamics.Anotherdif�-
culty in grid-basedmethodsis thatsolid boundarieshave to align with thevoxel
structureof the grid, which can lead to aliasingartifactsfor irregularly shaped
domains.To addressthis issue,Feldmanet al. [FOK05] introduceda methodfor
simulatinggaseson hybrid meshesthatconformto irregulardomainboundaries.
By mixing regularhexagonalmesheswith unstructuredtetrahedralmeshes,their
methodleadsto improved accuracy nearirregular boundaries.Similarly, Elcott
et al. [ETK+ 05] presenteda methodfor simulating�o w on arbitrarytetrahedral
meshesusingcirculationpreservinglocal operatorsto avoid numericaldiffusion
of vorticity. For simulating�uids in deformingmeshes,Feldmanetal. [FOKG05]
usethearbitraryLagrangian-Eulerian(ALE) formulation,which they solveusing
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Figure 4.1: Advectionof spatialdetailrequiressubstantialre-organizationof adaptiveEu-
lerian grids (top row). In Lagrangianmethodsupdatesof the discretizationare
directlycoupledto thedynamicsof the�o w (bottomrow).

a semi-Lagrangianmethod.This methodhasfurtherbeenextendedby Klingner
et al. [KFCO06] who ef�ciently andaccuratelyremeshthedomainin every time
stepfrom scratchto conformthe meshto the boundaryandmoving objects.So
far, thisapproachdoesnot addressfreesurfaces.

We proposea new multiresolutionparticle-basedmethod that avoids grid-
relatedaliasingartifactsaswell asthe complexity of maintainingconformity to
dynamicobjectboundaries.At thesametime,thespatialdiscretizationis directly
coupledto thedynamicsof the�o w. New particlesarecreatedneartheinterface
to resolve visually important�ne-scalesurfacedetail. Thus,simpleadvectionof
spatialdetailrequiresnoupdatesin thediscretization(Figure4.1,bottom),avoid-
ing the numerousinterpolationand averagingoperationsthat adversely affect
numericalaccuracy.

A crucial ingredientin our approachis a new methodfor coupling the inter-
actionbetweenparticlesof differentsize. As notedby Koumoutsakos [Kou05],
variable-sizedparticlesleadto inconsistenciesin thestandardmolli�ed kernelap-
proximationof thedifferentialoperators.Weavoid thisproblemby allowing only
a discretesetof particlesizes,analogousto an octreediscretizationin the Eule-
rian setting. The couplingbetweenparticlesat differentlevels is achievedusing
a new type of virtual particlesthat guaranteethe consistency of the approxima-
tion. Thesevirtual particlesat the sametime provide a naturalway to dynami-
cally re�ne andcoarsenthediscretizationduringthesimulation.Ourmultiresolu-
tion schemeis basedon theSmoothedParticleHydrodynamicsmethod(seeSec-
tion 2.3), but canbe appliedto otherparticle-basedmethodsaswell. We model
two-phasecoupling to simulateair-water interactionandextend this schemeto
alsoimplementsolid-�uid andsolid-solidinteractions.
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4.2 Related Work
Stateof the art Eulerianandsemi-Lagrangianmethodsfor �uid simulationsare
describedin Section3.3,andmeshlessLagrangianmethodsarediscussedin Sec-
tion 3.1. In this sectionwe will brie�y discussrelatedwork in surfacetrack-
ing, adaptivesimulations,multiphase�o ws, �uid-object interaction,andparticle-
based�uid simulations.

Most stateof the art Eulerian�uid simulationalgorithmsuselevel setmeth-
ods[OS88,Set99,OF03] to track the freesurface. Thesemi-Lagrangianparticle
level setmethod[Str99,EFFM02,ELF05b]wasintroducedto reducevolumeloss.
An alternativeadaptivecontouringmethodbasedonoctreesandbackwardsadvec-
tion to obtaindistancevalueswasrecentlyproposedby Bargteil et al. [BGOS06].

Adaptivity in the Euleriansettingis achieved by using an octreedatastruc-
ture asproposedby Losassoet al. [LGF04] andShi andYu [SY04]. Irving et
al. [IGLF06] combine2D and3D solversto speedupthe simulationwhile hav-
ing full detail closeto the surface. A similar ideahasbeenusedby Thürey et
al. [TRS06],who computethe full �uid �o w only in a boundedregion of inter-
estthatcanchangeover time, whereasoutsideof this region a 2D shallow-water
simulationis performed.Hong andKim [HK03, HK05b] simulatedeffectssuch
asbubblesandsurfacetensionby modelingthediscontinuityat the interfacebe-
tweenair and water. The simulationof multiple interacting�uids is achieved
in [LSSF06]by extendingtheparticlelevel setalgorithm.Carlsonetal. [CMT04]
simulatetwo-way couplingbetweenrigid bodiesand�uid by projectingtherigid
bodyon theEuleriangrid. Génevauxet al. [GHD03] couplesolidsand�uids by
computingrepulsionforcesbetweenthe�uid marker particlesandthesolid'sLa-
grangiannodes.Guendelmanet al. [GSLF05]presenteda techniquefor coupling
water andsmoke with shells. Klingner et al. [KFCO06] combinevelocity and
pressureconstraintsinto onesetof equations,enablingto computethe interac-
tion between�uids andrigid bodiessimultaneously, which hasbeenextendedto
deformableobjectsby Chenatenzetal. [CGFO06].Losassoetal. [LIGF06] simu-
latemeltingandburningof solidsby couplingEulerian�uid solverswith standard
FEM solversfor deformableobjects.

As an alternative to Eulerianschemes,particle-basedmethodsfor �uid simu-
lation have recentlybecomepopular. Premozeet al. [PTB+ 03] usedthemoving-
particlesemi-implicit(MPS)methodfor solvingtheNavier-Stokesequations.An
interactive systemfor water simulationusing SmoothedParticle Hydrodynam-
ics (SPH) hasbeenpresentedby Müller et al. [MCG03,MSHG04,MSKG05].
DesbrunandCani [DC96] usedSPHfor animatingelasticallyandplasticallyde-
formablesolids. For computationalef�ciency, they adaptedthe particlesystem
overspaceandtime [DC99] by enablingparticlesto split andmergewhile adapt-
ing theintegrationtimestepsautomatically. Becausethereisnotransitionbetween
re�ned or coarsenedparticles,splitting andmerging introducesa discontinuityin
the force computation,which is a potentialsourceof instabilities. To speed-up
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particlesystems,O'Brien et al. [OFL01] proposea subdivision schemefor clus-
teringparticlesandcomputethedynamicson theseclusters.

In particle-basedmethods,the free surface is most often de�ned as an iso-
surfaceof a color �eld de�ned by the particles[Mor00]. HieberandKoumout-
sakos [HK05a] denotethis asLagrangianparticlelevel setsandshow how both
color �elds anddistance�elds canbeusedto de�ne thelevel setfunction.Müller
etal. [MCG03] proposeto convertSPHparticlesneartheisovalueto surfacepar-
ticlesfor interactivevisualizationusingsurfacesplatting.

Recentwork onSPHin computational�uid dynamicsfocusesonimproving the
accuracy by remeshingtheparticlesontoa grid [CPK02] or regularizingthedis-
tributionof theparticles[BOT01,BOT05]. ColagrossiandLandrini [CL03] show
how interfacial �o ws suchassplashingandsloshingcanbeaccuratelysimulated
usingSPH.

4.3 Fluid Model
In our �uid framework, �uid forcesarederivedfrom theNavier-Stokesequation
usingSPH(seeSection2.3for anintroductionof SPH).Below weprovideabrief
summaryandderive therelevantequationsfor thefollowing sections.

The Navier-Stokes(NS) equationsin the Lagrangianform arewritten as(see
alsoSection2.1.4)

r
Dv
Dt

= �r P+ µr 2v + r g; (4.1)

Dr
Dt

= � r r � v: (4.2)

The�uid densityis denotedby r , thepressureP is theforceperunit areathatthe
�uid exertson anything, µ is the (constant)kinematicviscosityof the �uid, v is
the�uid velocityandg theaccelerationdueto gravity. Additionalexternalforces
(so-calledbodyforces) arelumpedinto g. Thematerialderivative Dq

Dt = ¶q
¶t + v� r q

denotesthechangeof a physicalquantityq(x;t) over time (seeSection2.1.1). In
theEulerianviewpoint, this is thechangeof q over time plusthein-�o w andout-
�o w, respectively, of this quantityat a �x ed point x in space.In theLagrangian
viewpoint,q moveswith the�uid (i.e. theparticles),thereforethematerialderiva-
tive is equalto thepartialtimederivative,i.e., Dq

Dt = ¶q
¶t .

The�rst partof theNS-equations(Equation(4.1)) is simplyNewton'sequation
f = ma andis thereforeoftencalledmomentumequation. This canbeeasilyseen
by lookingattheequationfrom aLagrangian(particle)viewpoint. By multiplying
bothsidesof theequationwith thevolumeVi = mi=r i of aparticleelementpi we
get

mi
Dvi

Dt
= � Vir P| {z }

fpressure
i

+ Viµr 2vi| {z }
fviscosity
i

+ mig|{z}
fext
i

; (4.3)
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wherefpressure
i andfviscosity

i aretheinternalforcesandfext
i theexternalforceacting

on pi with massmi .
Equation(4.2) is the so-calledcontinuityor mass-conservationequation(see

Section2.1.4).For anincompressible�uid thedensitydoesnotchange,i.e., Dr
Dt =

0, andthereforethevelocity �eld mustbedivergencefree,i.e.,

r � v = 0: (4.4)

4.3.1 Initialization and SPH Force Appr oximation
The forcesfpressure

i andfviscosity
i canbederivedusingtheSPHapproximationde-

scribedin Section2.3. Applying Equation(2.19) to the densityof a particle pi
yieldstheso-calledsummationdensity

hr i i = å
j

mjwpoly(r i j ;h); (4.5)

wherer i j = xi � x j is the distancevector of a particle pair. Initially, the �uid
domainis sampledin ahexagonalgrid which yieldsa closestspherepackingthat
is energetically ideal. All particleshave thesamemassmi , which is chosensuch
that theaveragedensitycorrespondsto the physicaldensityr 0 of the �uid. The
volumeVi is computedasVi = mi=r i .

Unfortunately, forcesderived with Equation(2.21)arenot symmetric. In the
literatureseveral variantsof symmetrizationexists, herewe usethe forcesand
smoothingkernelsproposedby Müller etal. [MCG03]



fpressure
i

�
= � Vi å

j
Vj

Pi + Pj

2
r wspiky(r i j ;h) and (4.6)

D
fviscosity
i

E
= µVi å

j
Vj (v j � vi)r 2wlaplace(r i j ;h): (4.7)

ThepressurePi is computedvia theconstitutiveequation

Pi = kgas
� �

r i

r 0

� g

� 1
�

; (4.8)

wherekgas is a gasconstantthat determinesthe stiffnessof the �uid andg � 1
controlstherelative density�uctuation. Notethattheseforcesdo not exactly en-
forceincompressibility, i.e.,adivergencefreevelocity �eld is notguaranteed(see
Equation(4.4)). Thepressureforcerepelsparticlesif thedensityr is larger than
therestdensityr 0, andattractsparticlesif r � r 0. A largergpreventsstrongden-
sity �uctuations, but requiressmallertime steps.Sincewe operatein computer
graphicswith quitelargetimesteps(Section1.1),wechooseg= 1 (in thephysics
literature,usuallyg� 7 is chosen).Otherapproachesapproximater by solving
the continuity equation(4.2) directly. Whereasthis so-calledcontinuitydensity
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avoids spuriousboundaryeffects[Liu02a], it doesnot guaranteemasspreserva-
tion exactly, andin our experimentsshowedto belessstablethanthesummation
density. For thefollowing sectionswewill omit hi for brevity.

4.3.2 Kernels
The kernelsw usedfor SPHapproximationscanbe designeddependingon the
application.Thestandardkernelwpoly usedfor SPHapproximationsin this thesis
is similar to aGaussianbut has�nite supporth [MCG03]:

wpoly(r ;h) = kpoly

8
<

:

�
1� r2

h2

� 3
if r < h;

0 otherwise;
(4.9)

wherer = krk and kpoly is computedsuch that the kernel is normalized,i.e.,R
wpoly(r;h)dr = 1. This giveskpoly = 315

64Ph3 for akernelin 3D andkpoly = 4
Ph2 in

2D.
To avoid clusteringunderhighpressure,DesbrunandCani[DC96] suggesteda

spiky kernelwith non-vanishinggradientat thecenterof thekernel:

wspiky(r ;h) = kspiky

(
(h� r)3 if r < h;

0 otherwise
(4.10)

with kspiky = 15
Ph6 in 3D andkspiky = 10

Ph5 in 2D.
Both of the kernelsdescribedabove can have a negative secondderivative.

Insteadof smoothingthe velocity �eld by averagingthe velocity of neighbor-
ing particles,their relative velocity might be increasedasdiscussedby Müller et
al. [MCG03]. Therefore,they proposea third kernel

wlaplace(r ;h) = klaplace

(
� r3

2h3 + r2

h2 + r
2h � 1 if r < h;

0 otherwise
(4.11)

whoseLaplacian

r 2wlaplace(r ;h) = klaplace(�
3r
h3 +

2
h2) (4.12)

is positiveeverywhereandklaplace= � 30
11h3P in 3D andklaplace= � 30

11h2P in 2D.

4.3.3 Color Field
Theboundaryof the �uid discretizedby particlescanbefoundusinga so-called
color �eld [Mor00], which is neededfor dynamicallycreatingair particlesand
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Figure 4.2: Automaticair generation.Left: color �eld computedby assigningthevalue+ 1
to water(gray)andair (white)particles.Right: colorcodingof magnitudeof color
�eld gradient(scaledandclampedsothatwhite correspondsto thethresholdt j ).
Theair particlesneartheinterfacegeneratenew particlesin gradientdirection.

surfaceextractionasdescribedbelow. Theideais to assigna constantvaluej i to
eachparticlepi . A smoothcolor �eld j (x) is thende�ned usingSPHas

j (x) = å
j

Vj j jwspiky(r ;h): (4.13)

Assigningj i = 1 to eachparticleyields a color �eld whosegradientr j (x) in-
creasesat the boundaryof the particlesandpoints in normaldirection into the
�uid, cf. Figure4.2. Hence,thecolor �eld canbeusedfor instanceto determine
the�uid boundaryparticles.

4.4 Multiphase SPH
Air in�uences the behavior of waterboth at the free surfaceandasair pockets
(bubbles) enclosedby water. By simulatingboth�uids at thesametime, two-way
couplingbetweenwaterandair canbeachieved.Thesimulationof air is mostim-
portantin ourcaseat theinterface,wheretheair is usedfor extractingthesurface
(Section4.6) andbubblesarebuilt. Thus,insteadof having a full simulationof
both�uids, theadaptivity of particle-basedmethodscanbeexploitedby generat-
ing air particlesdynamicallyduringthesimulation.A narrow bandof air particles
is maintainedeverywherearoundthe interfaceto modeltwo-way couplingat the
freesurface.Furthermore,weextendthis couplingalsoto solid objects,suchthat
�uid-�uid and�uid-solid interactionaresimulatedusinga uni�ed particle-based
approach.

4.4.1 Air Generation
For two-way couplingbetweenwaterand air as well as for an accuraterecon-
structionof the free surface(seeSection4.6), a narrow bandwithin a distance
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dmin from the interfaceneedsto be adequatelysampledwith air particles. Air
particlesfurtheraway thanadistancedmax aredeleteddynamically. Applying the
color �eld de�nition describedabove, thecolor �eld gradientr j (pi) is approx-
imatedusingSPHfor all air particlespi with a distancesmallerthandmin. At
theboundaryof thenarrow band,r j (pi) is orthogonalto this boundary. A new
air particleis insertedif kr j (pi)k is larger thana thresholdt j andif thevector
r j (pi) pointsin oppositedirectionto theinterface,seeFigure4.2. Theposition
pnew of thenew air particleis computedby displacingit from thepositionpi of pi
in directionof thecolor �eld gradient:

pnew = pi + sr j (pi)=kr j (pi)k ; (4.14)

wheresis theaverageparticlespacing,in ourcases= h=2. For all oursimulations
weusedmin = h, dmax = 2h, andt j = 0:8h.

4.4.2 Water-Air Interaction
Betweentwo immiscible�uids, surfacetensiondueto molecularcohesiongives
rise to a sharppressurejump at the interface,which prevents�uids from mixing
freely [HK05b]. By computingthedensityof the �uids usingEquation(4.5) in-
dependentlyof eachother, we get the desireddiscontinuityat the interface. To
modelthepressurejump at the interface,we adda cohesionterm� kcohesionr 2

i to
thepressureequation(4.8)similar to [NP00]and[CL03] andobtain

P0
i = kgas

�
r i

r 0 � 1
�

� kcohesionr 2
i : (4.15)

Thesharpnessof the interfaceis controlledwith theconstantkcohesion. Thepres-
sureforce is thencomputedusingEquation(4.6). Whenwe apply this equation
only for thecohesiontermwegetthefollowing force

fcohesion
i = kcohesionVi å

j
Vj

r 2
i + r 2

j

2
r wspiky(r i j ;h): (4.16)

This forcepointsin normaldirectionto the interface,thusgiving rise to surface
tension.

Rigid Bodies-Fluid Interaction

Although in this chapterwe only considerwater-air interaction,the methodde-
scribedabovecanbeusedfor simulatingarbitrary(immiscible)interacting�uids.
In the following, we go evenonestepfurtherandusethe sameschemealsofor
simulatingrigid body-�uid interaction,wherea rigid body is treatedasa rigid
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Figure 4.3: Multiresolution�uid simulationandrigid bodies-�uid interactionusinga uni-
�ed particle-basedapproach.

�uid. Thus,arigid bodyis sampledwith particlesthesamewayasa�uid (seeFig-
ure4.3),wherethedensityandmassof theparticlesdependontherigid bodyma-
terial properties.During thesimulation,theforcesactingbetweenrigid bodyand
�uid particlesarecomputedexactly asfor water-air interactiondescribedabove.
Thenetforceandtorqueactingontherigid bodyarecomputedfrom thesumof its
rigid bodyparticleforces.Integrationin timethenyieldsthelinearandangularve-
locity of therigid body, from which we computethenew particlepositions.Note
that this interactionmodelcanalsobeappliedto deformablesolidsasdescribed
in thenext chapter.

To simulaterigid bodycollisionswe usetheapproachof Bell et al. [BYM05].
They proposeto sampleanoffsetsurfaceof a rigid bodywith particlesandderive
thecontactforcesbetweenoverlappingparticlesfrom moleculardynamics.This
showedto beef�cient andyieldsverygoodresultsevenfor thecaseof rigid body
stacking.Insteadof samplingthesurfacewith anothersetof particles,weusethe
rigid bodyvolumeparticlesfor computingthecontactforces.

For completeness,we give herea shortdescriptionof thecomputedandsym-
metrically appliedcontactforce betweentwo interactingrigid body particlesp1
andp2 of two rigid objectsG1 andG2 (see[BYM05] for aderivation).Thecontact
forceis composedof anormalforcefper

1;2 andshearforcefshear
1;2 . Theoverlapx1;2 of

theparticlesandthenormalizeddistancevectorr̂1;2 is de�ned as

x1;2 = max(0; 2h� kp1 � p2k); (4.17)

r̂1;2 = (p2 � p1)=kp2 � p1k; (4.18)
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whereh is thesupportradiusof theparticles(we usethesamesupportasfor the
�uid particles).Giventherelativevelocityvectorvrel

1;2 = v1 � v2 of thetwo objects
andtherelative velocity in normaldirectionvper

1;2 = vrel
1;2 � r̂1;2, thecontactforce in

normaldirectionis computedas

fper
1;2 = �

�
kr

1;2x
3
2
1;2 � kdx

1
2
1;2vper

1;2

�
r̂1;2; (4.19)

wherekr
1;2 is theelasticrestorationcoef�cient controllingthestiffnessandkd is the

viscousdampingcoef�cient controlling the energy dissipationduring collisions.
Hertztheory[LL86] relateskr

1;2 to thematerialpropertiesasfollows:
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whereEi is Young's modulusandni is Poisson's ratio of an objectGi (seeSec-
tion 2.1.3). The shearfriction force accountsfor the Coulomblaw with friction
coef�cient µfri , in combinationwith aviscousdampingtermkv:
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wherevtan
1;2 = vrel

1;2 � vper
1;2r̂1;2 is therelativevelocityvectorin tangentialdirection.

4.5 Multiresolution Partic le System
ThemultiphaseSPH�uid modelde�nedaboveallowscomplex simulationsof wa-
ter andits interactionwith thesurroundingair. Thevisualquality andnumerical
accuracy of thesesimulationsdirectly dependon thenumberof particles,which,
whensamplinguniformly, increasescubically with respectto the inverseof the
smallestresolvedscale.Sincethecomputationalcomplexity is superlinearin the
numberof particles,high-resolutionsimulationsquickly becomeintractable.Spa-
tially adaptive samplingthat concentratesmoreparticlesin regionscloseto the
interface,canthusleadto signi�cant savings in memoryandcomputationtime.
Sucha samplingschemeshouldalso be temporallyadaptive, i.e., dynamically
adjustthe discretizationif the �o w is non-stationaryanddetail is generatedor
destroyedduringthesimulation.

In the �uid model introducedabove it is assumedthat two interactingparti-
cles have the samesmoothinglength to guaranteebidirectional consistencyin
the particleforce computation(Section2.3). If this condition is violated,New-
ton's third law is no longersatis�ed, i.e., particlepi canexert a forceon particle
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Chapter 4 Multiresolution Fluid Simulation

p j even thoughp j hasno in�uence on pi . Thus,any spatiallyadaptive scheme
requiresanadaptationof theway particlesinteractto ensureconservationof mo-
mentum. A straightforward solution is to apply someaveragingof the smooth-
ing lengthsor the interpolationkernels[LL03]. However, asshown by Borve et
al. [BOT01], this yieldserrorsin theorderof 10%alreadyfor a factortwo differ-
encein thekernelwidth andleadsto severeinstabilitieswith largerkernelvaria-
tions.A differentapproachhasbeencoinedRegularizedSPH(RSPH)by Borveet
al. [BOT01,BOT05]. SinceSPHis derivedfrom Monte-Carlointerpolationwith
the particlesas interpolationpoints, they proposethe useof additionalinterpo-
lation points,eitherde�ned on a backgroundlattice or usingauxiliary particles.
While substantialimprovementsin numericalaccuracy werereportedfor station-
ary �o ws,dynamicallychanging�o ws aredif�cult to modelusingthismethod.

Weproposeanew, generalapproachfor temporallyandspatiallyadaptiveparti-
cle simulationsthatprovidesa consistentapproximation,while minimizing com-
putationaloverhead. Similar to [BOT01], we only allow kernel widths of size
2l h, wherel = 0;1; : : : denotestheparticleresolutionlevel andh is thesmoothing
lengthat the highestresolution. To dynamicallyadaptthe discretizationduring
the simulation,particlescantransitionfrom onelevel to anotherby splitting or
merging (Section4.5.2). The key ideaof our approachis the conceptof virtual
particlesthatserve two mainpurposes:They allow a consistentcouplingof par-
ticles at different resolutionlevels and they provide a mechanismfor modeling
particlesplittingandmergingwithout introducingtemporalvisualdiscontinuities.

4.5.1 Vir tual Partic les
As will bedescribedbelow, asplittingcriterionensuresthatneighboringparticles
at most differ by one level, similar to a balancedoctreedecompositionin the
Euleriansetting.To simplify theexpositionwe thusonly considertwo resolution
levelsl andl + 1, asshown in Figure4.4(a). Threetypesof real (i.e.,non-virtual)
particlesaredistinguished:Particlesof level l + 1 closeto level l particlescarry
virtual level l childrenparticles(4 in 2D, 8 in 3D). Particlesof level l closeto
level l + 1 particlesareassignedto a virtual level l + 1 parentparticle.Thesetwo
typesarecalledtransientparticles.Otherrealparticlesof eitherlevel areregular
particlesthatarenotassociatedwith any virtual particles.

SPH forces are computedonly for real particles. When evaluating Equa-
tions(4.6)and(4.7),only particlesof thesamelevel, bethey virtual, transient,or
regular, areconsideredasneighbors.Thismeansthatif aparticle�nds a transient
particlein its neighborhood,it eitherselectsthis particleor theassociatedvirtual
particle(s)when computingthe interactionforces,dependingon their level. If
a force is computedbetweena real anda virtual particle, this force is symmet-
rically appliedto the virtual particle to ensurepreservation of momentumand
redistributeduniformly to theassociatedrealparticle(s)(seeFigure4.4(b)). This
couplingbetweenreal andvirtual particlesensuresthe consistency of the force
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Figure 4.4: Multiresolutioncouplingwith virtual particles.(a) two levelsof particleswith
neighborhoods(dashedcircles),(b) distributionof SPHforces,(c) bondingforces
for virtual particles,(d) splitting andmerging.
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computations.In effect, transientparticlesbehave like intermediatesbetweentwo
levels.

Virtual particlesarepassivelyadvectedwith the�o w usingtheSPHapproxima-
tion of thevelocity�eld. In orderto keepvirtual andassociatedrealparticlesclose
togetherwe introduceadditionalbondingforcesthatactonly on virtual particles.
As illustratedin Figure4.4 (c), virtual child particlesareattachedto the associ-
atedtransientparentparticleusinga linear springforce with a rest lengthequal
to half thesamplespacingof thecorrespondinglevel. Virtual parentparticlesare
pulled towardthecentroidof theassociatedtransientchild particlesusinga zero
restlengthspring.

4.5.2 Splitting and Merging
The transitionof particlesfrom one level to anotheris guidedby two counter-
actingprinciples:On theonehand,theparticleresolutionshouldbehigh enough
to resolvevisually important�ne-scalesurfacedetail.Ontheotherhand,wewant
asfew particlesaspossibleto minimizecomputationaloverhead.

The adaptationto the characteristicsof the �o w is achievedby enforcingthat
particlesat theair-waterinterfacealwayshave smoothinglengthh, i.e.,areat the
highestresolution. This ensuresthat we captureall surfacedetail up to scaleh,
sinceour surfacemodel is directly coupledto the particle resolution(seeSec-
tion 4.6). Thehierarchyis determinedby ensuringthatonly same-sizedparticles
interact,i.e.,by guaranteeingthatno realparticlehasregularparticlesof adiffer-
entlevel within its neighborhood.

Thetransitionfrom a regular level l + 1 to a regular level l particleconsistsof
threestepsasshown in Figure4.4 (d), from left to right: A regular level l + 1
particlebecomesa transientlevel l + 1 particle,if it �nds a real (regularor tran-
sient) level l particle in its neighborhood.Virtual childrenare createdusing a
precomputeduniformsamplingon thesphere.They areassignedhalf thesupport
radiusof their parentparticleand2� d of its massandvolumewith d thenumber
of dimensions.If atransientl + 1 particlehasaregularlevel l particlein its neigh-
borhood,its virtual childrenbecometransientrealparticlesanditself turnsinto a
virtual parentfor its children. Transientlevel l particlesarereleasedfrom their
relationwith their virtual parentparticleandturn into regular level l particles,if
they have separatedbeyond their kernelsmoothinglength,i.e., if the maximum
distancebetweentwo child particlesexceeds2l h. A split operationis alsoiniti-
ated,if all transientchild particlesof acommonvirtual parenthavenovirtual level
l particlesin theirneighborhoods.Notethatsplittingalwaysproceedsfrom coarse
to �ne, i.e., the splitting criterion is �rst evaluatedfor the coarselevel particles.
This ensuresthat smallerparticleswill not �nd higher level regular particlesin
their neighborhoods,asthesewouldhavebeensplit already.

Merging operationsproceedin theoppositedirection(seeFigure4.4 (d), from
right to left). In general,particlesaremergedwhenever the new (typeof) parti-
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4.6 Surface Extraction

Figure 4.5: Surfaceextractionfrom thezerolevel setof thecolor �eld andDelaunaytrian-
gulations.Left: waterparticles(gray)andair particles(white)andcorresponding
color �eld. Middle: triangulationof narrow bandparticles. Right: surfacecon-
structionfrom bichromatictrianglesandcolor �eld.

clepotentiallycreatedby themergingoperationdoesnot ful�ll thecorresponding
splitting criterion. Thetransitionfrom regularto transientchild particlesrequires
somespecialtreatment.To force the total numberof particlesto be assmall as
possible,evensingleregularparticlesareallowedto becometransientchild par-
ticleswith a singlevirtual parent.If two suchvirtual parentsareneighbors,their
childrenaremergedto acommonparentif their total numberdoesnotexceedthe
allowed maximum(4 in 2D, 8 in 3D). This approachhasthe additionaladvan-
tagethat the merging canbe performedincrementallyandthereforea full setof
eightchildrenis notrequiredbeforeamergingoperationcanbeapplied.Notethat
thisapproachdoesnot leadto undesirablefragmentation,sincemerging is always
performedat thetransitionlayerbetweentwo resolutions.

Whenaparticleis split, thechild particlesareassignedthesamevelocityasthe
parentparticle.Contrary, if aparticlep j is mergedinto aparentparticlepi (which
hasinitially avelocityvi = 0), thenew velocityandmassof pi is

vi  
(mivi + mjv j )

mi + mj
; mi  mi + mj : (4.23)

This way, kinetic energy andlinearmomentumof thesystemarepreserved. An-
gularmomentumis approximatelypreservedbecausetheparticlesaredistributed
aboutuniformly dueto thepressureforces.

4.6 Surface Extraction
The�uid is sampledwith waterandair particlesfrom whichaninterfaceneedsto
beextractedfor visualization.Wede�ne theinterfaceasthezero levelsetj (x) = 0
of thecolor �eld functionj (x) describedin Section4.3.3,whereweassignacon-
stantvaluej w = + 1 to waterparticlespw andj a = � 1 to air particlespa (seealso
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1.4

110k
0k

0k
107k

9

9

0

0
9
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8

Table 4.1: Statisticsfor theanimationsshown in Figure4.6andFigure4.7.Theupperrow
showstheaverageddataperframefor amultiresolutionsimulation,theequivalent
singleresolutionresultsareshown in the lower row. All timingsarein seconds,
measuredon a2.8GHzPentiumIV with 2 GB memory.

Figure4.5). In Section6.6 an algorithmis presentedthat constructsan explicit
point-basedrepresentationfrom an implicit functionby samplingit with surface
elements(surfels). Herewe usea differentnovel approachthatexploits the fact
that the interfaceseparatesair andwaterparticles.The ideais to computea De-
launaytriangulationof theparticlesthathave differentcoloredparticlesin their
neighborhood.Thesurfaceis thenextractedusingavariantof themarchingtetra-
hedraalgorithm[Hop94], wherethesurfaceneedsto go throughthebichromatic
edgesof two differentcoloredparticles.For adetaileddescriptionof thealgorithm
see[KAG+ 06] or [Ada06].

4.7 Results & Discussion
The crucial argumentfor multiresolutionis scalability. While single resolution
simulationsin 3D requireO(m3) with m the numberof particlesper dimension,
multiresolutionreducesthe complexity to O(m2). Clearly, the ef�ciency gains
dependon thecharacteristicsof the�o w. Wedemonstratetheeffectivenessof our
approachin bothmemoryandcomputationtime savingson two exampleswhere
aspeedupof a factorof six is obtained(seealsoTable4.1).

Figure4.6 shows thebreak-upof a watercrown andillustratesthecapabilities
of ourmultiresolutionapproachfor resolving�ne-scaledetail.Preservingmassat
smallscalesis crucialin thisexampleasit avoidsvisuallydisturbinglossof �uid,
e.g.,for the dropssplashingagainstthe walls. Also notethe tiny bubblesat the
front of thespherecreatedby air particlesbeingdraggedunderthewatersurface.

Figure 4.7 shows multiple rigid bodies,�uid, and air interactingwith each
other. This exampledemonstratesthe effectivenessof our particle-basedcou-
pling methodthat requiresonly minimal adaptationsto incorporaterigid or even
deformablesolids.

As shown in Table 4.1, the overheadfor the multiresolutioncomputationis
verysmall(around1%),andin factevenfor simulationswhereall particlesareon
thehighestlevel it doesnot increasethecomputationaltime noticeablyasshown
in [KAG+ 06]. Thus,themultiresolutionapproachcanbeappliedindependentof
theapplication.
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4.7 Results & Discussion

Figure 4.6: Multiphase�uid simulationof a splashingsphere. Note the small splashes
(left) andbubbles(right) shown in theclose-upsin thebottomrow.

Figure 4.7: Rigid bodycollisionsandinteractionwith �uid. Theinteractionbetweenrigid
bodiesand�uids is basedonauni�ed particlemetaphor.
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4.7.1 Limitations
An inherentlimitation of particle-basedapproachesis thecomputationaloverhead
causedby the particleneighborhoodcomputations.As shown in Table4.1, spa-
tial queriesamountto up to 80% of the total simulationtime (moretimings can
befoundin our technicalreport[KAG+ 06]). All neighborhoodcomputationsare
performedusingkd-treesasdescribedin Section7.1.2,which arere-initializedin
eachtime step. Rebuilding a kd-treeis fast(in therangeof 0:1� 0:5 secondsin
our examplesor below 0:6% of the total time), andin our experimentskd-trees
showedto yield betterperformancethanhashgrids(Section7.1.1).Furthermore,
kd-treesaremoresuitablethanhashgridsin amultiresolutionsettingwherechoos-
ing anappropriatecell sizeis dif�cult, seeSection7.1 for a thoroughdiscussion
andcomparisonof kd-treesandhashgrids. We believe that substantialperfor-
mancegainscanbe achieved usingmoreef�cient cachingschemesthat exploit
temporalcoherence.Nevertheless,theimplicit neighborhoodrelationsof regular
gridsareclearlya performanceadvantageof Eulerianmethods.Anotherstrength
of grid-basedapproachesis incompressibility. While methodsfor SPHhavebeen
proposedto make thevelocity �eld (approximately)divergencefree [CR99], the
computationaloverheadis substantial.However, thechoiceof thestiffnesscon-
stantkgas(weusekgas= 400k) in Equation(4.8)is non-trivial asit dependsonthe
timestep(1ms in oursimulations).With largerkgas, the�uid is lesscompressible
but the time stepneedsto be reducedto guaranteea stablesimulation. Another
limitation is that due to the smoothinginherentin the SPH method,�ne-scale
turbulencesareoftendampedout.

4.8 Extensions & Future Work
Ourmultiresolution�uid framework canbeextendedin variousways.

A view-dependent�uid simulationcouldpotentiallyleadto additionalperfor-
mancegains. Additional to the splitting criteria describedin Section4.5.2, the
distanceto thecameraandtheview frustumcouldbeusedasasplittingandmerg-
ing criteriato reducetheresolutionin regionsthatarenotvisibleor farawayfrom
acertainviewpoint.

Another possible application of our multiresolution method is for hybrid
molecular-continuumsimulations(seee.g. [Kou05] for an overview). The al-
gorithmswouldneedto beadaptedsuchthatvirtual particlescandiffer morethan
a factorof two to their associatedrealparticles.

Thepresentedmultiresolutionapproachprovedto bestableandyieldsplausi-
ble resultsin our empiricalexperiments.However, to make this approachuseful
also for physicallyaccuratesimulationsas in CFD, an analyticalerror analysis
andqualitative comparisonsbetweenmulti- andsingle-resolutionanimationare
required.

In Section4.4wediscussedinteractionof liquid andair. Similarly, liquid-liquid
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Figure 4.8: Fluid following theshapeof ananimatedmodelusingtheSPHmethod.Control
particlesarecreatedby samplingtheinterior of thehorse.

interactionscanbesimulated.In [MSKG05], weproposemethodsto simulatethe
interactionof multiple �uids with different characteristics,suchas immiscible
liquids. Furthermore,dynamicphasechangesaremodeledby simply changing
the attributesof particles. To avoid a full SPHsimulationof air asdescribedin
thischapter, wegenerateair only whereair pocketsarelikely to beformed.These
techniquesenablethesimulationof phenomenasuchasboiling water, trappedair
andthedynamicsof a lava lamp(cf. Figure3.1).

Our interfacetrackingmethodallows theadvectionof surfaceparameterinfor-
mation,whichcouldbeusedto advectsurfacetextures.Givenabichromaticedge,
wecancomputetheintersectionof thisedgewith thesurfaceof theprevioustime
stepandtransfertheparametercoordinatesto thecurrenttime step,similar to the
approachof Bargteil et al. [BGOS06].This canbedoneef�ciently by exploiting
thatmostbichromaticedgesin onetime stepalsoexist in thenext andtherefore
only asmallamountof edgesneedsto betestedfor intersection.

In Chapter6 we will show how theframework canbeextendedto enabletwo-
way coupling betweendeformableobjectsand �uids, and simulatemelting of
deformableobjectsto �uids and solidifying �uids to solid objects. This poses
greatchallengesfor thesurfaceextraction.

In [TKPR06], we proposea new �uid control techniquethat usesscale-
dependentforce control to preserve small-scale�uid detail. Control particles
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de�ne local force�elds andcanbegeneratedautomaticallyfrom eitheraphysical
simulation(Figure 3.6) or a sequenceof target shapes(Figure 4.8). We usea
multi-scaledecompositionof the velocity �eld andapply control forcesonly to
the coarse-scalecomponentsof the �o w. Small-scaledetail is thuspreserved in
a naturalway avoiding the arti�cial viscosity often introducedby force-based
controlmethods.

4.9 Summar y
Methodshave beenpresentedfor theanimationof multiresolutionparticle-based
�uids. Immiscible �uids arepreventedfrom mixing by simulatingthe pressure
jump at the interface,rising surfacetension.This enablestwo-way couplingbe-
tweenwaterandair to simulatemultiphaseeffectssuchasbubblesandfoam.The
samemodelis usedfor simulatingtheinteractionbetween�uids andsolids,where
thesolid's volumeis alsosampledwith particles.Basedon moleculardynamics
forces,thesesolid particlesarealsousedfor rigid bodycollision handling.Thus,
thesimulationof �uids andrigid bodiesis basedon a uni�ed particlemetaphor,
which will beextendedin thenext chapterto handlealsodeformablesolids.

With the proposedmultiresolutionmethod,the discretizationof the �uid vol-
ume dynamicallyadaptsto the characteristicsof the �o w to resolve �ne-scale
visual detail. The spatiallyandtemporallyadaptive samplingleadsto substan-
tial savings in memoryandcomputationtime, thusenablingsigni�cantly more
complex �o w simulationswith the sameprocessingresources.The conceptof
virtual particlesachievesa consistentcouplingof particlesat differentlevelsand
providesanef�cient mechanismfor dynamicresampling.It is lightweight,simple
to implement,andcaneasilybeincorporatedinto otherparticle-basedsimulation
environments.In thenext chapter, themultiresolutionapproachwill beexploited
for dynamicallyadaptingthe resolutionto robustly handlestrongvolumedefor-
mationsandfracturingof elasticobjects.

UsingameshlessLagrangiansimulationtechniquerevealedseveraladvantages
comparedto Eulerianmethods.Massis tracked exactly with the particles,thus
preventingmassdissipation.Air particlesarecreateddynamicallywhereneeded,
andparticlesin air pocketsaresimulatedasbubbles.Updatesof thediscretization
areef�cient anddirectlycoupledto thedynamicsof thesimulation.Similarly, our
novel Delaunay-basedinterfacetrackingmethodenablesadvectionof thesurface
togetherwith theparticlesandef�ciently generateshigh-qualitysurfacesthatau-
tomaticallyadaptto the resolutionof the simulation. Thus,even tiniest bubbles
andsplashesarecapturedcorrectly. Drawbacksof the SPHmethodarethe ap-
proximateincompressibilityanddif�culties in handlingthin sheetsof liquid. Fur-
thermore,neighborhoodcomputationsrequirea signi�cant amountof the whole
computationtime.
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Chapter 5

Deformab le Solid
Simulation

In thischapteramethodis presentedfor modelingandanimatingawidespectrum
of elasticobjectswith materialpropertiesanywherein therangeform stiff elastic
to highly plastic,includingbrittle andductilefractureaswell ascontacthandling.
In our system,both the volumeand the surfacerepresentationare point-based.
Centralto our methodis a highly dynamicsurfaceandvolumesampling,which
enableslarge deviationsof an object from the original shape,supportsarbitrary
crackinitiation, propagationandtermination,andthecomputationof aconsistent
contactsurfacefor collision response.The point-basedsurfacerepresentationis
decoupledfrom the physicsrepresentation,thereforea coarsevolumetricrepre-
sentationcanbeusedin combinationwith ahighly detailedobjectsurface,which
enablesef�cient, stableandhighqualityanimations.

In ourelasticitymodel(Section5.4),whichis derivedfrom continuummechan-
ics (Section5.3),thespatialderivativesof thedisplacement�eld andelasticbody
forcesarecomputedfrom thelocalneighborhoodof thevolumetricparticles.The
surfaceof theobjectis sampledwith orientedsurfaceelements(hereaftercalled
surfels), which areadvectedalongwith the particles(Section5.5). This frame-
work is extendedto incorporatefracturingbycreatingcomplex fracturepatternsof
interactingandbranchingcracksaccordingto theinternalstress,wherethepropa-
gatingcrackfrontsdirectlyaffect thecouplingbetweenparticles(Section5.6).To
guaranteenumericalstabilityalsofor strongdeformationsandfrequentfracturing,
thesamplingof thesimulationdomainis adaptedonthe�y (Section5.7).For han-
dling contactbetweendeformableobjects,collisionhandlinganddeformationare
decoupled,yielding stableandef�cient collision response(Section5.8). Putting
all partstogetherandexploiting dynamiccaching,an ef�cient andstableframe-
work is obtainedfor the simulationof elasto-plasticsolids including fracturing
andcollision (Section5.9). Finally, extensionsof this framework andpossible
directionsfor futureresearcharepresented(Section5.10).
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5.1 Intr oduction

The animationof deformableobjectsin virtual systemshasbeena challenging
problemfor yearsandcombinesseveral researchsubjectsin computergraphics.
For instance,in avirtual surgerysimulator, humanbodypartsaresimulatedasde-
formablebodies(so-calledsoftobjects) basedonmeasurementsandexperiments,
wherethematerialsspana wide rangefrom stiff elasticto highly plastic. A sur-
geonmight interactwith thebodypartsusingahapticsdevice. Thesethendeform
dueto theexternalforcesexertedfrom thehapticsdevice andmight collide with
otherobjects. Alternatively, the surgeonmight cut partsof with a virtual blade.
Dueto the impactof thebladeor colliding objects,partsmight getdamagedand
fracture.As thissimpleexampleshowsa framework for deformablesolidsimula-
tion mustbeableto handleelasto-plasticdeformationsof objectsdueto external
forcesandcollisions,fracturingdueto high internalstresses(cutting is a special
caseof fracturingwherethebladeis consideredto bea usermanipulatedcrack),
andcontacthandlingbetweencolliding objects.Otherimportantrequirementson
a virtual systemarerobustnessandinteractivity, i.e., themethodshave to beboth
stableandef�cient.

A majorityof previoussimulationmethodsin computergraphicsuse2D and3D
meshes.Most of theseapproachesarebasedon mass-springsystems,or themore
mathematicallymotivated�nite element(FEM), �nite difference(FDM) or �nite
volume (FVM) methods,in conjunctionwith elasticity theory. In mesh-based
approaches,complex physicaleffects,suchasfracturing,melting, andsolidify-
ing, posegreatchallengesin termsof restructuring. Additionally, under large
deformationstheoriginal meshesmaybecomearbitrarily ill-conditioned.For the
simulationof thesecomplex physicalphenomena,ef�cient andconsistentsurface
andvolumerepresentationsareneededthatallow simplerestructuring.Meshless
Lagrangianmethodshave severaladvantagesover �nite elementmethods.Most
importantly, meshlessmethodsavoid complex remeshingoperationsandthe as-
sociatedproblemsof elementcuttingandmeshalignmentsensitivity commonin
FEM.Maintainingaconformingmeshcanbeanotoriouslydif�cult taskwhenthe
topologyof thesimulationdomainchangesfrequently[OP99].Repeatedremesh-
ing operationscanadverselyaffect thestability andaccuracy of thecalculations,
imposingundesirablerestrictionson thetime step.Finally, meshlessmethodsare
well suitedfor handlinglarge deformationsdueto their �e xibility whenlocally
re�ning thesamplingresolution.Our goal is to unify thesimulationof materials
rangingfrom stiff elastic to highly plastic into one framework, using a mesh-
less,point-basedvolumeandsurfacerepresentationwhich entirelyomitsexplicit
connectivity informationandthusimplicitly encompassesthe complex physical
effectsdescribedabove.
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5.2 Related Work
In this sectionwe give a shortoverview of existing work on physics-basedde-
formablemodelsthat is most relevant for us, including fracturingandcollision
handling.

5.2.1 Deformab le Modeling
Pioneeringwork in the �eld of physics-basedanimationwascarriedout by Ter-
zopoulosandhis co-workers[TPBF87,TF88,TW88,TPF89]. They computethe
dynamicsof deformablemodelsfrom thepotentialenergy storedin theelastically
deformedbodyusing�nite differencediscretization.

A largenumberof mesh-basedmethodsfor bothoff-line andinteractive simu-
lationof deformableobjectshavebeenproposedin the�eld of computergraphics.
Examplesaremass-springsystemsusedfor clothsimulation[BW98,DSB99],the
boundaryelementmethod(BEM) [JP99]andthe �nite elementmethod(FEM),
whichhasbeenemployedfor thesimulationof elasticobjects[DDCB01,GKS02],
plasticdeformation[OBH02b]andfracture[OH99].

DesbrunandCani were amongthe �rst to usemeshlessmodelsin computer
graphics.In [DC95], soft, inelasticsubstancesthat cansplit andmerge areani-
matedby combiningparticlesystemswith simpleinter-particleforcesandimplicit
surfacesfor collision detectionandrendering.TheSmoothedParticleHydrody-
namics(SPH)method(seeSection2.3) is appliedin [DC96]: discreteparticles
areusedto computeapproximatevaluesof physicalquantitiesandtheir spatial
derivatives. Space-adaptivity is addedin [DC99]. SzeliskiandTonnesen[ST92,
Ton92,Ton98]derivedelasticinter-particleforcesusingtheLennard-Jonespoten-
tial energy function (commonlyusedto modelthe interactionpotentialbetween
pairsof atomsin moleculardynamics)for surfacemodelingandphysics-based
animationof deformablesolids.

5.2.2 Fracturing
Terzopouloset al. extendedtheir work on deformingobjectsusing�nite differ-
ences[TPBF87] to handleplasticmaterialsand fractureeffects [TF88]. Mass-
springmodels[HTK98] andconstraint-basedmethods[SWB00] have alsobeen
popularfor modelingfracturein graphics,asthey allow for easycontrolof fracture
patternsandrelatively simpleandfastimplementations.

Recenteffortshavefocusedon�nite elementmethodsthatdirectlyapproximate
theequationsof continuummechanics.O'Brien et al. werethe�rst to apply this
techniquefor graphicalanimationin theirpaperonbrittle fracture[OH99]. Using
elementcuttinganddynamicremeshing,they adaptthesimulationdomainto con-
form with thefracturelinesthatarederivedfrom theprincipalstresses.[OBH02a]
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introducesstrainstatevariablesto modelplasticdeformationsandductilefracture
effects.

Elementsplittinghasalsobeenusedin virtual surgerysimulation,whereBielser
et al. [BGTG03] introduceda statemachineto modelall con�gurationsof how a
tetrahedroncanbe split. Müller et al. [MMDJ01,MG04] demonstratereal-time
fracturingusingan embeddedboundarysurfaceto reducethe complexity of the
�nite elementmesh.Thevirtual nodealgorithmof Molino et al. [MBF04] com-
binesthe ideasof embeddingthe surfaceandremeshingthe domain. Elements
areduplicatedandfracturesurfacesareembeddedin thecopiedtetrahedra.This
allows more�e xible fracturepaths,but avoids the complexity of full remeshing
andassociatedtimesteppingrestrictions.

5.2.3 Contact Handling

Collision detectionfor deformablesurfaceshasrecentlygainedincreasingatten-
tion. A survey of recentresearchis presentedby Teschneretal. [TKH + 05].

Many differentapproachesexist for collision handlingof deformingobjects.
Penaltymethods,pioneeredby Moore andWilhelms [MW88], areprobablythe
mostwidely usedsolutionsin computergraphics.However, thesemethodscan-
not ensurethat the objectsdo not penetrate. Baraff and Witkin [BW92] use
a constraint-basedmethodto prevent objectsfrom penetration. This requires
solving a linear complementaryproblem(LCP), which is computationallyex-
pensive for complex objects. Impulse-basedmethods[Hah88,MC95] assume
shortcontactsonly, andthereforearenot suitablefor soft objects. Desbrunand
Cani [Can93b,DC95] presenteda systemfor animationand collision handling
of implicit surfacesgeneratedby skeletons.Exactcontactsurfacesareachieved
by deformingthe implicit layer. Thecompressionof thesurfaceyields response
forceswhich are transmittedto the skeleton. However, the generatedimplicit
modelstendto beblobby.

Point-sampledobject surfaceshave becomepopular in recentyears. In this
context, theproblemof collision detectionandresponsehasonly beenaddressed
very recently. Collision detectionof point-sampledobjectswas�rst handledin
our shapemodelingsystem[PKKG03,Kei03]. Klein andZachmann[KZ04] pre-
sentedan approachfor time-critical collision detectionof point cloudsusing a
sphereboundinghierarchy. However, they do not dealwith collision response.
Pauly et al. [PPG04]model contactfor point-sampledquasi-rigidobjects,i.e.,
rigid objectswith anelasticlayerat thesurface.They computeexactcontactsur-
facesby settinguplinearcomplementarityconstraintsandsolvingfor thetractions
thatacton thesesurfaces.Thewrenchon therigid objectis thencomputedfrom
thesetractions.
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5.3 Continuum Mechanics Equations

Figure 5.1: The physicalvolumeelements(particlesin yellow) andthe surfaceelements
(surfelsin blue)arebothrepresentedaspoints. Themodelpresentedin theSec-
tions 5.3–5.5allows the simulationof elastic,plastic, melting, and solidifying
objects(from left to right).

5.3 Contin uum Mechanics Equations
The continuumelasticityequationsdescribehow to computethe elasticstresses
insidea volumetricobject,basedon a given deformation�eld [Coo95,Chu96].
Considera model of a three-dimensionalbody whosematerialcoordinatesare
m = (x;y;z)T . To describethedeformedbodyin world coordinates,a continuous
displacementvector�eld u(m) = (u(m);v(m);w(m)) T is usedwherethe scalar
displacementsu(m), v(m) andw(m) are functionsof the materialcoordinates.
Theworld coordinatesx of apointwith materialcoordinatesm arex = m+ u(m)
in thedeformedmodel.TheJacobianof thismappingis givenby

J = I + r uT =

2

4
u;x + 1 u;y u;z

v;x v;y + 1 v;z
w;x w;y w;z+ 1

3

5 ; (5.1)

with thefollowing columnandrow vectors

J =
�
Jx;Jy;Jz

�
=

2

4
JT

u
JT

v
JT

w

3

5 : (5.2)

The subscriptswith commasrepresentpartial derivatives(e.g. u;x = ¶u(m)
¶x ). To

measurestrain,weusethequadraticGreen-Saint-Venantstraintensor

es = JTJ � I = r u+ r uT + r ur uT : (5.3)

This symmetricquadratictensorhasthe advantagethat it is rotation invariant,
in contrastto the linearizedversionmost often usedin computergraphicsfor
performancereasons,which fails for larger deformations(seee.g.[MDM + 02]).
In our modelwe assumea Hookeanmaterial,i.e., a linear relationshipbetween
forceanddeformation(seeSection2.1.3):

ss = C es; (5.4)
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Chapter 5 Deformable Solid Simulation

Figure 5.2: Theeffect of Poisson's ratio: theundeformedmodel(left) is stretchedusinga
Poissonratio of zero(middle)and0:49 (right).

whereC is a rankfour tensor, approximatingtheconstitutive law of thematerial,
andbothes andss aresymmetric3� 3 (rank two) tensors.For an isotropicma-
terial, C hasonly two independentcoef�cients, namelyYoung's modulusE and
Poisson's ration (Section2.1.3).Therefore,Hooke's law is writtenas
2
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(5.5)

with ks = E
(1+ n)(1� 2n) . Anisotropicmaterialscanbe simulatedby modifying C

accordingly.
The elasticbody forcescanbe computedvia the strainenergy densityŨstrain

(energy perunit volume),which is thepotentialenergy storedin a deformedma-
terial

Ũstrain=
1
2

(es � ss) =
1
2

 
3

å
i= 1

3

å
j= 1

es
i js

s
i j

!

: (5.6)

The elastic force per unit volume at a point m is the negative gradientof the
strainenergy densitywith respectto this point's displacementu(m) (the direc-
tional derivativer u). For aHookeanmaterial,thisexpressionis writtenas

f̃elastic= �r uŨstrain= �
1
2

r u(es � C es) = � s sr ues: (5.7)

5.4 Elasticity Model
In orderto usethecontinuouselasticityequationsdescribedabove in anumerical
simulationof a dynamicelasticobject,we needto discretizethe volumeof the
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Vi
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ei s i

mj

mi

Ui

Ñu f i

f jhi

m m u+

i
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Figure 5.3: As a basicunit, we considera particlewith materialcoordinatesmi andits
neighborsat m j within distancehi . Thegradientof thedisplacement�eld r u is
computedfrom the displacementvectorsui andu j , the straines

i from r u j , the
stressss

i from es
i , thestrainenergy Ustrain

i from es
i , ss

i andthevolumeVi andthe
elasticforcesasthe negative gradientof U strain

i with respectto thedisplacement
vectors.

object into volumetric elementsdV. Similarly to the �uid model describedin
Section4.3, theobjectis sampledwith smoothedparticlespi with positionmi in
materialcoordinatesand�x ed massmi. The samplingalgorithmis describedin
Section5.7.Thedensityr i isapproximatedusingSPHaccordingtoEquation(4.5)
andtheparticlevolumeis computedasVi = mi=r i, seeSection4.3.1for details.

In our meshlessframework, quantitiesof a particlepi , suchasstraines
i , stress

ss
i , strainenergy Ustrain

i andtheelasticbody force felastic
i , arecomputedfrom its

neighborsp j which areplacedwithin its supportradiushi (cf. Figure5.3). While
thestressis in ourcasea linearfunctionof thestrain,thestrainis computedfrom
thespatialderivativeof thedisplacement,i.e., r ui . We will next discusshow we
computer ui usinga �rst orderapproximationscheme,andthenshow how the
strainenergy andelasticforcesarecomputed.

5.4.1 Moving Least-Squares Appr oximation of r u
For computinges

i , the spatialderivative of the displacement�eld r ui at mi is
needed.To guaranteezeroelasticforcesfor rigid bodymodes,theapproximation
of r ui from thedisplacementvectorsu j of theneighboringparticlesmustbeat
least�rst orderaccurate.Hence,themoving least-squares(MLS) methodwith a
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Chapter 5 Deformable Solid Simulation

linear basiscanbe used,which yields �rst orderaccurateinterpolationof point-
sampledfunctions,seealsoSection2.3.4.In thefollowing, wewill only consider
the x-componentu of the displacement�eld u(m) = (u(m);v(m);w(m)) T and
m = (x;y;z)T . Thebasicideais to approximatea continuousscalar�eld u(m) in
theneighborhoodof mi usingaTaylorapproximation:

u(mi + Dm) = ui + r ujmi � Dm + O(kDmk2); (5.8)

wherer ujmi = (u;x;u;y;u;z) at particlepi with materialcoordinatesmi (theindex
after thecomadenotesa spatialderivative). For particlesp j closeto pi we geta
�rst orderapproximation



u j

�
of thevaluesu j as



u j

�
= ui + r ujmi � r i j = ui + rT

i j r ujmi ; (5.9)

wherer i j = (xi j ;yi j ;zi j )T = m j � mi . The weightedleast-squareserror ei of the
approximation



u j

�
is givenby

ei = å
j

(


u j

�
� u j )2wi j ; (5.10)

wherewi j = w(r i j ;hi) is a smoothingkernel(we usethespiky kernelwspiky, see
Equation(4.10)).SubstitutingEquation(5.9) into Equation(5.10)andexpanding
yields

ei = å
j

(ui + u;x xi j + u;y yi j + u;z zi j � u j )2 wi j : (5.11)

We wantto �nd theunknownsu;x, u;y andu;z suchthat theerrorei is minimized.
Therefore,the derivativesof ei with respectto u;x, u;y and u;z are set to zero,
yielding threeequationsfor thethreeunknowns

0 = 2å
j

r i j
�
ui + rT

i j r ujmi � u j
�

wi j : (5.12)

Multiplying out andrewriting yields
 

å
j

r i j rT
i jwi j

!

r ujmi = å
j

(u j � ui)r i jwi j : (5.13)

Finally, thespatialderivativesof u(m) atmi areobtainedas

r ujmi = M � 1
i

 

å
j

(u j � ui)r i jwi j

!

; (5.14)

wherethe inverseof the so-calledmomentmatrix M i = å j r i j rT
i jwi j is usedfor

computingthederivativesof v andw aswell. NotethatM i of a particlepi needs
to berecomputedonly if theneighborhoodof pi changesdueto resampling(Sec-
tion 5.7), introduceddiscontinuities(Section5.6.2),or if thematerialpositionof
theparticleschangesdueto a(non-linear)updateof therestshape(Section6.4.1).
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5.4 Elasticity Model

5.4.2 Elastic Force Computation
Giventhespatialderivativer ui of aparticlepi wecanupdatetheJacobianJi, the
straines

i andthe stresss i at theparticlepositionmi usingEquations(5.1), (5.3)
and(5.4):

Ji  

2

4
r ujTmi

r vjTmi

r wjTmi

3

5 + I ; es
i  (JT

i Ji � I ); ss
i  (C es

i ): (5.15)

Basedon Equation(5.6) the strainenergy storedarounda particle pi is esti-
matedas

Ustrain
i =

1
2
Vi(es

i � ss
i ) (5.16)

assumingthatstrainandstressareconstantwithin therestvolumeVi of particlepi ,
equivalentto usinglinearshapefunctionsin FEM. Thestrainenergy is a function
of thedisplacementvectorui of pi andthedisplacementsu j of all its neighbors.
Taking the derivative with respectto thesedisplacementsusing Equation(5.7)
yields the force felastic

ii actingat particle pi andthe forcesfelastic
i j actingon all its

neighborsp j

felastic
ii = �r uiU

strain
i = � Viss

i r ui e
s
i ; (5.17)

felastic
i j = �r u jU

strain
i = � Viss

i r u j e
s
i (5.18)

Theforcefelastic
ii actingon pi turnsout to bethenegative sumof all felastic

i j acting
on its neighborsp j , i.e., felastic

ii = � å j f
elastic
i j . Thus,thetotal force

felastic
i = felastic

ii + å
k

felastic
ki (5.19)

actingon particlepi conserveslinearandangularmomentum.Notethat thesum
is notovertheneighborsof pi but overall particlespk thathave pi in theirsupport
radiushk. In our casewhereall particleshave the samesupportradiush, the
particlespk areexactly theneighborsof pi and

felastic
i = 2å

j
felastic
i j : (5.20)

Applying Equation(5.14),Equations(5.17)and(5.18)canbefurthersimpli�ed
to thecompactform (see[MKN + 04] for details)

felastic
ii = FeM � 1

i

 

� å
j

r i jwi j

!

(5.21)

felastic
i j = FeM � 1

i

�
r i jwi j

�
(5.22)

with Fe = � 2ViJiss
i . Note that the matrix productFeM � 1 is independentof the

individualneighborj andneedsto becomputedonly oncefor eachparticlepi .
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u

u

t,R

Figure 5.4: Left: a discretesetof displacementvectorsui de�ne thedeviation of thede-
formed shapefrom the rest shape. Right: numericalerrorscan be reducedby
applyinganoptimalrigid bodytransformationto therestshape.

5.4.3 Rigid Transf ormation of the Rest Shape
If theobjectdepartsfarfrom its restshape,thedisplacementscanbecomearbitrar-
ily large. This yields two problems.First, computingspatialderivativesof large
quantitiesis numericallyunstable.Second,if themomentmatriceshavebadcon-
dition numbersdueto volumeundersampling,smallorientationdependentghost
forcescanoccur. Both problemsare solved by transformingthe restshapeaf-
ter eachtime step(seeFigure5.4), similar to [TW88]. Unlike their method,we
computethe optimal global rotation and translationof the rest shapebasedon
geometricalgebra[LFDL98].
Translation. Theoptimaltranslationt = x � m is thedifferencebetweenthecen-
terof massx in worldcoordinatesandthecenterof massm in materialcoordinates
of theparticleswith

x = å
j

mjp j ; (5.23)

m = å
j

mjm j ; (5.24)

mj = mj=å
j

mj ; (5.25)

wheremj is the massof a particle p j andm j andp j areits positionin material
andworld coordinates,respectively.
Rotation. TheoptimalrotationR = VUT is computedin a least-squaressenseby
computingthesingularvaluedecompositionof S= UWV T , where

S= å
j

m2
j (m j � m)(p j � x)T : (5.26)

This lineartransformation(R; t) is appliedto thesurfacerepresentationaswell
(Section5.5). Otherpossibilitieson how to transformthe restshapenon-rigidly
arediscussedin Sections5.10and6.4.1.
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Figure 5.5: Max Planckis elasticallyandplasticallydeformedin real-timewhile switching
betweenmaterialpropertieson the�y .

5.4.4 Plasticity Model
Thestandardwayin computergraphicsfor simulatingplasticbehavior is by using
strainstatevariables[OBH02b]. Every particle pi storesa plasticstrain tensor
ep

i . Thestrainconsideredfor elasticforcesee
i = es

i � ep
i is thedifferencebetween

measuredstraines
i andtheplasticstrain.Thus,in casethemeasuredstrainis equal

to theplasticstrain,noforcesaregenerated.Sinceee
i is consideredconstantwithin

one time step,the restoringforces(Equations(5.21) and (5.22)) are computed
usingse

i = C ee
i insteadof ss

i . Theplasticstrainis updatedat every time stepDt
accordingto thefollowing rule

if kee
i k > kyield thenep

i  ep
i + Dt � kcreep� ee

i ; (5.27)

wherekyield andkcreeparematerialconstants.If the2-normof thestrainexceeds
thematerialyield strengthkyield, plasticitystarts(Section2.1.3). In this case,the
constantkcreep controlshow much of the actualdeformationis absorbedin the
plasticstrainstatepersecond.

5.5 Surface Model
For thephysicalsimulation,acoarsesamplingof theobjectwith particlesis often
suf�cient to capturethe object's elasticbehavior. However, the object's surface
might behighly detailedwith �ne geometricfeatures.Therefore,decouplingthe
surfacerepresentationfrom thephysicsrepresentationallows ef�cient simulation
of the(coarse)physicalmodelwith a highly detailedsurface.As a representation
we usea point-sampledsurfacedue to its simplestructure,which enablesef�-
ciently re�ning thesurfacefor strongdeformations(Section5.5.2).Furthermore,
new surfacesheetscanbecreatedby simply samplingthemwith surfacepoints,
for instance,duringfracturing(Section5.6),for contacthandling(Section5.8.3),
andfor adaptingto topologicalchanges(Section6.6).
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particles pj

surfels si

(a) (b) (c)

Figure 5.6: Surfaceanimationandre�nement. The top row shows the surfelsfrom the
sideview with theneighboringparticles(connectby dashedblacklines),thebot-
tom row shows the surfelsfrom the front view. (a) surfels/particlesin material
coordinates.(b) surfels/particlesin world coordinatesafter a deformation. (c)
surfels/particlesin world coordinatesaftersplitting.

5.5.1 Surface Animation
Westartwith anobjectwhosesurfaceS is sampledwith orientedsurfaceelements
(surfels) s 2 S. A surfels hasa positionms andtwo orthogonaltangentvectors
t1
m andt2

m, which de�ne the surfel centerandthe (elliptic) areacoveredby s in
materialcoordinates, respectively. Thesurfelnormalis computedast1

m � t2
m. The

surfelpositionin world coordinatesis denotedass, andthetangentaxesast1
s and

t2
s.

For animatingS, i.e., computingthesurfelpositionsin world coordinates,we
make useof thecontinuousdisplacementvector�eld u(m) de�ned by theparti-
cles. This meansthat the surfelsareadvectedalongwith the particles(seeFig-
ure 5.6). The displacementvectoru(m) at a known surfel positionms is com-
putedfrom thedisplacementsu j of theneighboringparticlesp j . For thisweneed
to de�ne a smoothdisplacementvector �eld in R3 that is invariantunderrigid
transformations.This is achievedby usinga �rst ordermoving least-squaresap-
proximation(Section2.3.4).However, wehave alreadyobtainedsuchanapprox-
imationof r u j for theparticles(seeSection5.4.1),which is reusedhere.Thus,
thedisplacementvectoru(m) is approximatedas

hu(m)i =
å j w

poly(m � m j ;hP )
�

u j + r uT
j (m � m j )

�

å j w(m � m j ;hP )
; (5.28)

wherewe use the smoothingkernel wpoly as a weighting function (seeEqua-
tion (4.9)). Theu j arethedisplacementvectorsof particlesat m j thatarewithin
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adistancehP to ms.
We apply Equation(5.28) to both the surfel centerandits tangentaxis. This

givesthesurfelpositions in world coordinatesass= ms+ u(ms), andthetangent
vectorin world coordinatesast1

s = (u(ms+ t1
m) � u(ms)) andanalogouslyfor t2

s.

5.5.2 Surface Re�nement
Whenthe surfacedeformssurfelsarestretchedor compressed.For large defor-
mationsthis can yield distortionsdue to the (local) undersamplingof the sur-
face[Pau03].Thus,thesamplingof thesurfaceneedsto bere�ned to maintaina
highquality surface.Initially, thetangentaxesin world coordinatest1

s andt2
s of a

surfels areequalto theorthogonaltangentaxesin materialcoordinates.During
a deformation,the world coordinatesareshifted. Thus,if a surfaceis stretched
or compressed,thetangentaxesin world coordinatesareno longerorthogonalto
eachotherandtheir lengthchanges.A measurementof this local distortioncan
befoundby looking at the�rst fundamentalform ats, which is de�ned as

�
t1
s � t1

s t1
s � t2

s
t1
s � t2

s t2
s � t2

s

�
: (5.29)

Theeigenvaluesof thematrix in Equation(5.29)givetheminimumandmaximum
stretchfactorsandthecorrespondingeigenvectorsde�ne theprincipaldirections
of thestretching.Thus,theratio of the two eigenvaluesis a measurementof the
local anisotropy. Whenthis ratio is larger thana threshold,thesurfel is split into
two new surfelswhich arepositionedon themainaxisof theellipseasshown in
Figure5.6.

Ideally, if anobjectis �rst stretchedandthencompressedto its original shape,
thesurfaceshouldnot change.We usea simpleapproachto achieve this. Instead
of deletingasplit surfelsi , it is keptin materialcoordinates.If bothchildrenof this
surfelarecompressed(the ratio of theeigenvaluesis smallerthanone),alsothe
world coordinatesof si arecomputed.If si doesnotful�ll thesplittingcriterion,its
childrenaresimply deletedandtheparentsurfel is usedagaininstead.Notethat
theoverheadis smallbecausefor inactivesurfelsonly therigid transformationof
therestshapeneedsto beappliedto them(seeSection5.4.3).

5.6 Fracture Model
The previous sectiondescribeda framework for the animationof elasto-plastic
materials.In thefollowing, we will discusshow this framework canbeextended
for simulatingfracturingsolids.Centralto themethodis ahighly dynamicsurface
and volume samplingmethodthat supportsarbitrary crack initiation, propaga-
tion, andtermination,while avoidingmany of thestabilityproblemsof traditional
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Figure 5.7: Brittle fractureof ahollow stonesculpture.Forcesactingon theinterior create
stresseswhich causethe model to fractureand explode. Initial/�nal sampling:
4:3k=6:5k particles,249k=310ksurfels,22s=frame.

mesh-basedtechniques.Advancingcrack fronts aremodeledexplicitly andas-
sociatedfracturesurfacesareembeddedin thesimulationvolume. Whencutting
throughthe material,crackfronts directly affect the couplingbetweenparticles,
requiringa dynamicadaptationof theparticleshapefunctions.Complex fracture
patternsof interactingandbranchingcracksarehandledusingasmallsetof topo-
logicaloperationsfor splitting,merging,andterminatingcrackfronts.Thisallows
continuouspropagationof crackswith highly detailedfracturesurfaces,indepen-
dentof thespatialresolutionof theparticles,andprovideseffective mechanisms
for controlling fracturepaths.Themethodis applicablefor a wide rangeof ma-
terials,from stiff elasticto highly plasticobjectsthatexhibit brittle and/orductile
fracture.

5.6.1 Intr oduction
Physically, fracturingoccurswhentheinternalstressesandtheresultingforcesare
so large that the interatomicboundscannothold the materialtogetheranymore.
Fracturinghasbeenstudiedextensively in the physicsandmechanicsliterature.
However, dueto thecomplexity of theproblem,thestudiesandsimulationsusu-
ally deal only with "simple" fracturessuchas the creationor propagationof a
singlecrack. In computergraphics,we often tradephysicalaccuracy for visual
realism.By simplifying thephysicalmodel,realisticanimationsof very complex
fracturessuchastheshatteringof glassinto hundredsof piecescanbeachieved.
However, changingthetopologyof a simulatedobjectis challengingfor boththe
animationof thevolumeandthesurface.Whenasolidfractures,thesurfaceneeds
to adaptto thecracksthatpropagatethroughthevolumeof thesolid. To achieve
a high degreeof visual realism,cracksshouldbe allowed to startanywhereon
the surfaceandmove in any directionthroughthe volume. Furthermore,cracks
might branchinto severalcracks,or differentcrackscanmerge to a singlecrack
within thesolid. While fracturing,not only the topologyof thesurfacechanges,
but also the discontinuitiesintroducedby the cracksin the volume have to be
modeledaccordinglyto achieve physicallyplausiblefracturebehavior. Thefrac-
turingcharacteristicsdependonthematerial.Wedifferentiatebetweenductileand
brittle fracture.While brittle materialsplitswithout experiencingsigni�cant irre-
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Figure 5.8: Highly plasticdeformationsandductilefracture.Thebubblegumlikematerial
is �rst deformedbeyond recognition. It is thenstretcheduntil the stressin the
materialis too high andit fracturesalonga complex fracturesurface.Initial/�nal
sampling:2:2k=3:3k particles,134k=144ksurfels,2:4s=frame.

versibledeformation(i.e., only elasticdeformation),ductilematerialexperience
someamountof plasticdeformationbeforefracture[OBH02a]. Two examples
for brittle andductilematerialsareshown in Figure5.7 andFigure5.8. A force
actingon the hollow stonesculpturein Figure5.7 causesthe modelto explode.
Dueto thesimulatedbrittle materialthis resultsin a shatteringof theobjectinto
pieces.Figure5.8showsductilefractureof ahighly plasticbubblegumlikemate-
rial whichis deformedbeyondrecognitionbeforesplittingalongasinglecomplex
fracturesurface.

5.6.2 Modeling Discontin uities
We will �rst discusshow thediscontinuitycanbemodeledthat is introducedby
a propagatingcrackinto thedomainof a simulatedsolid. For that, theso-called
visibility criterion [BLG94] canbe usedwhereparticlesareallowed to interact
with eachotheronly if they arenotseparatedby asurface.This is doneby testing
if a ray connectingtwo particlesintersectstheboundarysurface.

To seewhat happenswhenwe usethe visibility criterion we look at the dis-
cretizationhui of thecontinuousdisplacement�eld u. As shown in Section2.3.4,
wecanapproximateu in theform

hu(m)i � å
j

F j (m j )u j ; (5.30)
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Figure 5.9: Comparisonof visibility criterion (a) andtransparency method(b) for an ir-
regularly sampled2D domain. Theeffect of a crack,indicatedby thehorizontal
white line, on weightfunctionwi andshapefunctionF i is depictedfor particlepi
marked by the cross.A schematicview of the transparency methodis shown in
(c) andtheeffectof dynamicupsamplingis illustratedin (d).

whereF j (m j ) is theshapefunctionof a particlep j with positionm j in material
coordinatesandu j is the �eld valueat m j , i.e., in our casethe displacementof
p j into world coordinatesp j . As describedin Section2.3.4,an approximation
with consistency ordern canbe achieved by usingmoving least-squares(MLS)
interpolants.Givenacompletepolynomialbasisb(m) = [1m : : : mn]T of ordern
andaweightfunctionw, themeshlessshapefunctionsarederivedas

F i(m) = bT(m)M � 1(m)b(m)wi(m � mi ;hi); (5.31)

whereM is themomentmatrixde�ned as

M(m) = å
j

b(m j )bT(m j )w j (m � m j ;h j); (5.32)

seeSection2.3.4for details.
Figure5.9 (a) shows theweightandshapefunctionswhenusingthevisibility

criterion. Thecracknot only introducesa discontinuityalongthe cracksurface,
but alsoundesirablediscontinuitiesof theshapefunctionswithin thedomain.The
transparency methodproposedby Organet al. [OFTB96] alleviatespotentialsta-
bility problemsdueto thesediscontinuities.The ideais to make thecrackmore
transparentcloserto thecrackfront. This allowspartial interactionof particlesin
the vicinity of the crackfront. Supposethe ray betweentwo particlespi and p j
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intersectsa cracksurfaceata point ms (Figure5.9(c)). Thentheweightfunction
wi (andsimilarly for w j ) is adaptedto

w̃i(r i j ;hi) = wi

 

r i j

 

1+ hi

�
2ds

kopacityhi

� 2
!

;hi

!

(5.33)

whereds is the distancebetweenms and the closestpoint on the crack front,
andkopacity controlsthe opacityof the cracksurfaces.Effectively, a crackpass-
ing betweentwo particleslengthensthe interactiondistanceof theparticlesuntil
eventually, in this adapteddistancemetric, the particleswill be too far apartto
interact.As shown in Figure5.9 (b) this methodavoidsthediscontinuitiesof the
shapefunctionswithin thedomainandthusleadsto increasedstability.

To computetherayintersectionwith thecracksurfacesampledwith surfels,the
implicit surfacede�ned by the surfelsis used(seeSection2.5.1). The intersec-
tion point ms on this surfaceis thenfoundusingBrent's methodasdescribedin
Section2.4.2.

5.6.3 Fracture Surface Model
Introducingcutsinto themodelexposesinterior partsof thesolid which needto
be boundedby new surfacesheets.Previous approachesbasedon FEM de�ne
fracturesurfacesusingfacesof thetetrahedralelements,which requirescomplex
dynamicremeshingto avoid unnaturallycoarsecracksurfaces[OH99]. To sim-
plify the topologicalcomplexity andavoid stability problemsduring thesimula-
tion, mesh-basedapproachesimposerestrictionson whereandhow thematerial
canfracture.Theserestrictionscanbelifted by embeddingasurfaceandexplicitly
creatingnew fracturesurfacesheetswhenever thematerialis cut. In this section
we will describehow we extendour point-basedsurfacemodeldescribedin Sec-
tion 5.5 for creatingthesesurfacesheets. We will show that this extensionis
simpleandef�cient, sinceno explicit connectivity informationneedsto bemain-
tainedbetweensurfels. Sharpcreasesandcornersarerepresentedimplicitly as
the intersectionof adjacentsurfacesheetsusinga CSGmethod.Thepreciselo-
cationof creaselinesis evaluatedat rendertime (cf. Figure5.10),avoidingcostly
surface-surfaceintersectioncalculationsduringsimulation.

A crack consistsof a crack front and two separatesurfacesheetswhich are
connectedat thefront to form a sharpcrease.Thecrackfront itself is de�ned by
a linearsequenceof cracknodesc1; : : : ;cn. Surfelsareaddedcontinuouslyto the
fracturesurfaceswhile propagatingthroughthe material. For surfacecracksthe
endnodesof thefront lie onaboundarysurfaceor afracturesurfaceof adifferent
crack. Interior crackshave circularly connectedcrack fronts, i.e., the two end
nodesc1 andcn coincide(cf. Figures5.11and5.13).

To animatethe boundarysurfaceof the solid, the free-formdeformationap-
proachdescribedin Section5.5.1is used. To ensurethat the displacement�eld
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Figure 5.10: Surfelsareclippedto createsharpcreaseswith dynamicallycreatedfracture
surfaces,whosevisualroughnessis controlledusing3D noisefunctionsfor bump
mapping. The samplingof the simulationdomainis shown on the right, where
greenspheresdenoteresampledparticles.

is smoothat thecrackfront, thetransparency weightsw̃ describedabove arealso
usedin Equation(5.28)for thedisplacementcomputationof thesurfels(cf. Fig-
ure 5.12). Becausethe changesof the transparency weightsare localizedto a
small region aroundthecrackfront, only a small fractionof theweightsneedto
beupdatedin every timestep,leadingto anef�cient implementation.

5.6.4 Crack Initiation and Propagation
Crack initiation is basedon the stresstensorse. A new crack is createdwhere
themaximaleigenvalueof se exceedsthe thresholdfor tensilefracture(opening
modefracture[And95]). This condition is evaluatedfor all particles. To allow
crackinitiation anywhereon thesurfaceor in theinterior of themodel,astochas-
tic schemecanbe appliedto initiate crackfronts. A randomsetof surfaceand
interior samplepointsarecreatedandthestresstensorat thesepointsis evaluated
usingweightedaveragingfrom adjacentparticles.Theinherentsmoothingis usu-
ally desiredto improve the stability of the crackpropagation.If a crackfront is
initiatedatoneof thesespatiallocations,thefracturethresholdsof all neighboring
samplesareincreasedto avoid spuriousbranching.

A new crack is initialized with threecracknodes,eachof which carriestwo
surfelswith identical position and tangentaxes, but opposingnormals. These
surfelsform the initial cracksurfaceswhich will grow dynamicallyasthe crack
propagatesthroughthe solid (Figure5.11). Crackpropagationis determinedby
thepropagationvectorsdi = kpropl i(ei � t i), wherel i is themaximaleigenvalue
of the stresstensorat ci , andei is the correspondingeigenvector. The vector t i
approximatesthe tangentof the crackfront ast i = (ci+ 1 � ci� 1)=kci+ 1 � ci� 1k,
wherec0 = c1 andcn+ 1 = cn for surfacecracks.Theparameterkprop dependson
thematerialandcanbeusedto controlthespeedof propagation.Thenew position
of acracknodeci at timet + Dt is thencomputedasci + Dtdi , whereDt is thesim-
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projection resampling

projection

cid i

propagation

propagation
crack front

crack node

Figure 5.11: Frontpropagationandfracturesurfacesampling.Theupperrow showsa top
view of an openingcrack,the lower part shows a sideview of a singlefracture
surface.After propagatingthecracknodesci accordingto di , endnodesarepro-
jectedonto the surface. If necessary, the front is resampledandnew surfelsare
addedto thefracturesurfacesheets.

ulationtimestep.Additionally, theendnodesof surfacecracksareprojectedback
ontothesurfacethatthey originatedfrom usingtheprojectionmethoddescribedin
Section2.5.1.Sincepropagationaltersthespacingof cracknodesalongthefront,
the samplingresolutionof the cracknodesareadjusteddynamicallyafter each
propagationstep.If two adjacentcracknodesarefurtherapartthantheradiusof
their associatedsurfels,a new nodeis insertedusingcubicsplineinterpolationto
determinethenew node'sposition.Redundantcracknodesareremovedwhenthe
distanceto the immediateneighborsbecomestoo small. Fracturesurfacesheets
aresampledby insertingnew surfelsif thepropagationdistanceexceedsthesurfel
radius,indicatingthat a hole would appearin the surface. This spatially(along
thecrackfront) andtemporally(alongthepropagationvectors)adaptivesampling
schemeensuresuniformly sampledandhole-freecracksurfaces(cf. Figure5.11).

Duringcrackpropagation,thesimulationis adjustedautomaticallyto thenewly
createdfracturesurfacesby adaptingthe shapefunctionsusingthe transparency
methoddescribedabove. Thetransparency weightw̃i(r i j ;hi) for apairof particles
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fracture surfacesreplicated surfel

new simulation nodes
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surfels

invisible nodecrack front

Figure 5.12: Transparency weightsfor embeddingsurfelsin thesimulationdomain. The
thicknessof the lines indicatesthe in�uence of a particleon thedisplacementof
a surfel. During crackpropagation,new surfelsandparticlesarecreatedusing
dynamicresamplingasdescribedbelow.

is adaptedby computingthe intersectionpoint on the fracturesurfaceof the ray
connectingthetwo particles(seeSection5.6.2).Thedistanceds to thecrackfront
is approximatedastheshortestEuclideandistanceto theline segmentsde�ned by
adjacentcracknodes.To avoid stability problemswith curved fracturesurfaces,
weightsareallowedto only decreasefrom onetimestepto thenext.

5.6.5 Topology Contr ol
The major challengewhenexplicitly modelingfracturesurfacesis the ef�cient
handlingof all eventsthat affect the topology of the boundarysurfaceand the
simulationdomain.Apart from crackinitiation, threefundamentaleventsaresuf-
�cient to describethe often intricateconstellationsthat occurduring fracturing:
Termination, splitting, andmergingof crackfronts:

� A crackis terminatedif thecrackfront hascontractedto asinglepoint.

� Splitting occurswhena crackfront penetratesthrougha surfaceasshown
in Figure5.13(a). The signeddistanceof a cracknodeto a surfacesheet
canbeestimatedusingtheprojectionoperatordescribedin Section2.5.1.A
splitting eventis initiatedwhena signchangeoccursfrom onetime stepto
thenext. Thefront is split at theedgesthatintersectthesurface,discarding
all nodesthatareoutsidethesolid,excepttheonesthatareconnectedto an
interior node.Thesenodesbecomenew endnodesby moving themto the
intersectionpointwith thesurface.As shown on theleft of Figure5.13(a),
a surfacecrackis split into two new crackfrontsthatsharethesamecrack
surfaces,i.e., independentlyaddsurfelsto thesamefracturesurfacesheets
duringpropagation.An interior crackbecomesa surfacecrackafter split-
ting, asillustratedon theright.

� A mergingeventis triggeredwhentwosurfaceendnodesof twocrackfronts
meetby creatingtheappropriateedgeconnections(Figure5.13(b)). Two
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(a)

(b)

Figure 5.13: Topologicaleventsduringcrackpropagation.(a) Splitting, (b) merging. The
top andbottomrows show a cutaway view with onecracksurfaceexposed.The
sketchesin thecenterrows show this fracturesurfacein gray, endnodesof crack
frontsareindicatedby whitedots.

surfacecracksaremergedinto a singlesurfacecrack(left), while acircular
front is createdif the two endnodesarefrom thesamecrackfront (right).
Typically, whencracksmerge,their fracturesurfacescreatea sharpcorner,
so we maintainseparatefracturesurfacesheetsthat intersectto createa
crease.

As canbeseenin Figure5.13,splittingandmergingaredualto eachother. The
formerintroducestwo new endnodes,whereasthelatterdecreasesthenumberof
endnodesby two. Similarly, crackinitiation andterminationaredual topologi-
cal operations.Note that the intersectionof two crackfrontsat interior nodesis
handledautomaticallyby �rst splitting both fronts and thenmerging the newly
createdendnodes.

One useful techniqueto improve the stability of the simulationis snapping.
Snappingguaranteesthat problematicsmall features,suchas tiny fragmentsor
thin slivers,do not arise. It worksby forcing nodesvery nearothernodesto be-
comecoincidentandprojectsnodesonto the surfaceif they arevery closeto it
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Figure 5.14: Controlledfracture. While the sphereblows up it fracturesalong the pre-
scribedsmiley face. Initial/�nal sampling: 4.6k/5.8kparticles,49k/72ksurfels,
6s=frame.

to ensurethatany featurespresentareof sizecomparableto thelocal nodespac-
ing. Similar methodshavebeenprovento guaranteetopologicalconsistency with
the ideal geometryin other settings[GM95]. Speci�cally, when a front inter-
sectsa surface,all cracknodesare projectedthat are within snappingdistance
d to the surfaceonto the surface. This avoids fragmentingthe front into small
piecesthat would be terminatedanyway within a few time steps. Furthermore,
frontsaremergedwhentheendnodesarewithin distanced by moving bothend
nodesto their averageposition. This avoids small sliversof materialto be cre-
ated,which would requireaddinga signi�cant numberof new particlesto the
model(seeSection5.7). Similarly, theintersectionof two crackfrontscanleadto
multiple splitting andmerging events,which arecombinedinto a singleevent to
avoid theoverheadof creatingandsubsequentlydeletingmany smallcrackfronts.
Snappingcanalsobeappliedto front termination,wherea crackfront is deleted
whenall its nodesarewithin distanced from eachother.

5.6.6 Fracture Contr ol
Thecourseof thesimulationcanbein�uencedby specifyingmaterialproperties.
However, often direct control over the fracturebehavior is crucial, especiallyin
productionenvironmentsand interactive applicationswherethe visual effect is
usuallymoreimportantthanphysicalaccuracy. By exploiting theexplicit point-
basedrepresentationof the fracturesurfaces,the fractureframework canbe ex-
tendedto supportprecisecontrolof whereandhow amodelfractures.Onepossi-
bility is to useapaintinginterface(seee.g.[ZPKG02,AWD+ 04]) thatallows fast
prototypingof fracturesimulationsby prescribingfracturepatternsdirectlyon the
objectboundary. The usercanpaint arbitrarynetworksof crackson the surface
andexplicitly specifystressthresholdsfor thesecracks.Additionally, a propaga-
tion historycanbeusedto controlthepropagationof cracksthroughthematerial.
The adjustedpropagationvectorat time t is computedas the weightedaverage
d

t
i = khistdt� Dt

i + (1� khist)dt
i , wherekhist 2 [0;1] is the history factor. A purely

stress-basedpropagationis achieved for khist = 0, while khist = 1 yields purely
geometriccracksandfracturesurfaces.Otherpossibilitiesincludevolumetrictex-
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(a) (b) (c)

Figure 5.15: Volumetric sampling: (a) octreedecomposition,(b) initial adaptive octree
sampling,(c) dynamicresamplingduringfracturing.

turesfor adjustingthe fracture thresholdswithin the material,and pre-scoring
techniques,wherethe stresstensoris modi�ed accordingto an embeddedlevel
setfunction [MBF04]. Figure5.14shows anexampleof anexplicitly controlled
fracture,usinga combinationof crackpainting,propagationhistory, andadaptive
fracturethresholds.

5.7 Volumetric Sampling
Oneof the main advantagesof meshlessmethodslies in the fact that they sup-
port simpleandef�cient samplingschemes.Initially, thevolumeWboundedby
a surfaceS of an objectG is discretizedby samplingW with particles. Similar
to adaptive �nite elementmeshing,we wanta higherparticledensitycloseto the
boundarysurfaceandfewer particlestowardstheinterior of thesolid. An appro-
priatesamplingof the particlescanbe computed,for instance,usinga balanced
octreehierarchyasshown in Figure5.15. Startingfrom theboundingbox of S,
a cell of theoctreeis recursively re�ned, if it containspartsof S. The�nal num-
berof particlesis controlledby prescribinga maximumoctreelevel at which the
recursive re�nement is stopped.Giventhis adaptive decomposition,a particleis
createdateachoctreecell centerthatlieswithin W.

During simulation, the discretizationof the simulation domain needsto be
adjusteddynamically. Without dynamicresampling,frequentfracturing would
quickly degradethenumericalstability of thesimulationevenfor aninitially ad-
equatelysampledmodel. New particlesneedto be insertedin thevicinity of the
cracksurfacesandin particulararoundthecrackfront. At thesametime, strong
deformationsof themodelcanleadto a poorspatialdiscretizationof thesimula-
tion volume,whichalsorequiresadynamicadaptationof thesamplingresolution.
This is particularly importantfor highly plastic materials,wherethe deformed
shapecandeviatesigni�cantly from its original con�guration.

A simplelocal criterioncanbeusedto determineunder-samplingat a particle
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Figure 5.16: Dynamicresamplingat the particle pi dueto strongdeformation(left) and
fracturing(right).

pi . Let
wi = å

j
w̃i(r i j ;hi)=wi(r i j ;hi) (5.34)

bethenormalizedsumof transparency weights(seeSection5.6.2).Without visi-
bility constraints,wi is simply thenumberof particlesin thesupportof pi . During
simulationwi decreases,if fewer neighboringparticlesare found due to strong
deformations,or if thetransparency weightsbecomesmallerdueto a crackfront
passingthroughthe solid. If wi dropsbelow a thresholdwmin, new particlesare
insertedwithin the supportradiusof pi (seeFigure5.16). For the dynamicup-
and downsamplingand robust interactionbetweenparticleswith different sup-
port radii themultiresolutionapproachdescribedin Section4.5canbeexploited,
wherewi � wmin is usedasasplitting criterion.

To prevent excessive resamplingfor particlesvery closeto a fracturebound-
ary, particlesplitting is restrictedby prescribingaminimalparticlesupportradius
h. Notethatresamplingdueto fracturingis triggeredby thecracknodespassing
throughthe solid, similar to adaptingthe visibility weights(seeSection5.6.3).
Performingthesecheckscomesessentiallyfor free,sinceall the requiredspatial
queriesarealreadycarriedout duringvisibility computation.Figure5.15(d) and
Figure5.10illustratethedynamicadaptationof thesamplingrateswhenfractur-
ing. Theeffecton theshapefunctionsis shown in Figure5.9(d).

5.8 Contact Model
Soft objectsdeformdueto externalforcesexertedduringcollisionswith theen-
vironmentor with otherobjectssuchasa userguidedtool. Therefore,both the
collisiondetectionalgorithmaswell asthecollisionresponsemodelplayacentral
role in thesimulationof deformableobjects.

In thissectiontheframework for elasto-plasticandfracturingobjectsGi , where
theobjectvolumeWi is sampledwith particlesp andthesurfaceSi is represented
by surfelss (seeSection5.4) is extendedfor collision detectionand response.
Collisionsarestablydetectedusingthe implicit surfacerepresentationdescribed
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Figure 5.17: Overview of the contacthandlingpipeline(gray shaded).After the physics
andsurfaceanimation,thecolliding surfelsaredetectedandthecontactsurfaceis
computed.The collision responseforcesarecomputedfor the contactnodeson
thecontactsurfaceanddistributedto theparticles.

in Section2.5.1. In caseof a collision, responseforcesarecomputedfor pene-
trating surfelsanddistributedto particles. The decouplingof collision handling
anddeformationallows for a very stablecollision responsewhile maintainingin-
teractive updateratesof thedynamicsimulationfor environmentswith moderate
complexity.

5.8.1 Overview
Figure5.17givesan overview of our collision detectionandresponsealgorithm
which is built on top of the deformationand fracturing framework described
above. After eachanimationstep,thecollisiondetectionalgorithmgetsthepoint-
sampledsurfacesasinputandcomputesthecollidingsurfels(Section5.8.2).From
thecolliding surfels,acontactsurfaceis computedwhichresolvestheintersecting
surfacesin a plausibleway (Section5.8.3).For thesurfelson thecontactsurface
(calledcontactnodes), penaltyforcesarecomputedanddistributedto theneigh-
boringparticlessuchthatmomentumof thesystemis preserved(Section5.8.4).

5.8.2 Collision Detection
Collision detectionfor point-basedobjectsamountsto �nding surfelsthatarein-
sideothersurfel-boundobjects.Boundingvolumehierarchiesarea meansto re-
ducethe numberof primitives(surfelsin our case)to be testedfor intersection.
However, becausewe dealwith highly deformablemodels,theupdateof sucha
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Figure 5.18: (a) Detectionof colliding surfelsby �rst intersectingthe boundingboxes.
Thepointsin theshadowedregion arecollision candidates.Colliding pointsare
outlined in red. (b) In the casewhereboth objectshave the samestiffness,the
contactsurfaceis the middle of the intersectingvolume, shown as red line. It
is initialized by moving the colliding pointsonto it. (c) The �nal surfacesafter
resamplingthecontactsurface.

hierarchyis oftenverycostly. Therefore,we approximatetheobjectsby only one
boundingvolumeto ef�ciently discardcollisionsif theboundingvolumesdo not
overlap.

Wechooseaxisalignedboundingboxes(AABBs) [van97]becausethey canbe
computedvery ef�ciently . Furthermore,the intersectionvolumeof two overlap-
ping AABBs is againan AABB, heredenotedwith B. Only the surfelssi that
are inside B are candidatesfor a collision. Thesesurfelsare ef�ciently found
by �rst insertingall surfelsinto a uniform spatialgrid and then intersectingB
with thecellsof this grid (seeFigure5.18(a)). Thegrid is usedafterwardsasa
searchdatastructurefor rangeandneighborqueries(seeSection7.1.1). A simi-
lar approachis suggestedby Teschneret al. for collision detectionof tetrahedral
meshes[THM+ 03].

In anext step,it is determinedwhetherthecollisioncandidatesin B areactually
penetratingotherobjects.For that, the implicit surfacerepresentationY de�ned
by thesurfelsasdescribedin Section2.5.1is used.With suchan implicit repre-
sentationit canbe ef�ciently computedif the centersi of a surfel s is insidean
objectGasfollows:

si \ G( )
�

si � y orth(si)
�

� ny orth(si) < 0; (5.35)

wherey orth(si) is the orthogonalprojectionoperatordescribedin Section2.5.1,
which givestheprojectedpositionof si ontoY, andny orth(si) is thenormalvector
of Y at y orth(si) (Section2.5.1).Wede�ne thatasurfelis penetratinganobjectif
its centeris insidetheobject.

For simplicity, we assumein thefollowing sectionsthatwe haveonly two pos-
sibly colliding objectsG1 andG2. In Section5.8.5 the contacthandlingfor an
arbitrarynumberof objectsis discussed.
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5.8.3 Contact Surface
At thetimeof collision two colliding surfacesintersect.We geta visuallyconsis-
tentcontactsurfaceby assumingthat thesurfaceis elastic.Thus,we temporarily
recomputethe intersectingsurfacessuchthat they touch. The displacementof
thesurfaceto thecontactsurfaceis usedfor computingthecollision response,as
describedin the next section,andfor rendering.Thus,in the next time stepthe
contactsurfaceis discarded,andthe surfacebeforecontacthandlingis usedfor
thefurtheranimationof thesurface.

Assumethatwehavetwo intersectingobjectsG1 = fS 1;W1gandG2 = fS 2;W2g,
whereSi is the surfaceandWi the volumeof Gi . We aim to ef�ciently compute
a reasonablecontactsurfaceSc that lies in the intersectionvolumeWc of W1 and
W2, i.e.,Wc = W1 \ W2.

Usingtheorthogonalprojectionoperatory orth(x) describedin Section2.5.1we
canef�ciently computethe closestdistanceof a point x to the implicit surface
representationY i of Gi as




 y orth

i (x) � x



 . Wede�ne a function

F(x) =
1
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1 + kc
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�
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 y orth
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�

: (5.36)

Weusethis functionto de�ne thecontactsurfaceSc implicitly as

Sc = f x 2 Wc j F(x) = 0g; (5.37)

wherekc
1 andkc

2 areconstantsdependingon the surfacematerial. If kc
1 is much

larger thankc
2, thenthe contactsurfacewill approachthe intersectionsurfaceof

G1, i.e., thesurfaceof G1 behavesrigidly duringthecontact,whereasthesurface
of G2 is elastic. We choosekc

i = Ei , whereEi is Young's modulusof a material
andthusdeterminestheobject's stiffness(seeSection5.3). Hence,thesurfaceof
elasticobjects(low E) adaptsto stiff objects(highE).

To get an initial samplingof Sc, the colliding surfelsaremoved onto Sc, see
Figure5.18(b). The samplingpointson Sc arecalledcontactnodes. A contact
nodec consistsof two surfelswith identicalpositionsbut opposingnormals,sim-
ilar to crack nodes(Section5.6.4). For �nding the position c 2 Sc of a surfel
s1 2 S1 suchthat F(c) = 0, the Newton-Raphsonmethodcould be used(Sec-
tion 2.4.2). However, this would requirecomputingr F(s1), e.g., using �nite
differences.Furthermore,thismethodmightnotconvergeto asolution.Wethere-
fore reducetheproblemof �nding theroot to a 1D problemby projectings1 onto
theimplicit surfacerepresentationY 2 of G2 usingthe(notnecessarilyorthogonal)
projectionoperatory 2(x) describedin Section2.5.1. Thepoint c with F(c) = 0
lies on the line betweens1 andy 2(s1), wherec can be found iteratively using
Brent's methodasdescribedin Section2.4.2. If theboundaryof the intersecting
volumeis not convex, it might happenthat the line betweens1 andy 2(s1) is not
insidethe intersectionvolumeWc. Thus,a new contactnodeis createdonly if
c 2 Wc.
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Figure 5.19: Left: collision of Igeawith planewithout surfacecontacthandling. Middle
andright: surfaceresponseof Igeaandplane,respectively.

To get an even and hole free samplingof the contactsurface,a resampling
schemeis appliedconsistingof relaxationandresamplingstepssimilarly to the
onein Section6.6.3. A relaxationforce,derived from a repulsionpotential, lo-
cally distributesthe surfelsevenly. After eachrepulsionstep,the contactnodes
areprojectedontoSc. Afterwards,contactnodesareinsertedor deleteddepending
on the numberof neighboringnodeswithin a certaindistance,seeSection6.6.3
for details.This seriesof relaxation,projectionandresamplingstepsis repeated
until the displacementof nodesis below an error thresholdand no resampling
takesplaceanymore,resultingin a fully coveredandlocally uniformly sampled
surface. The combinationof both relaxationand resamplingresultsin an ef�-
cient algorithmfor coveringa certainarea,aswasalreadystatedby Witkin and
Heckbert[WH94].

For visualaccuracy, thenormalvectorsarerecomputedusingprincipalcompo-
nentanalysis(PCA), i.e., the eigenvectorsof the covariancematrix of the local
neighborhoodarecomputed,wheretheeigenvectorcorrespondingto thesmallest
eigenvaluegivesthenormaldirection[HDD+ 92].

5.8.4 Collision Response

We have shown above how a contactsurfacecanbecomputedfrom thecolliding
surfelsandhow it is sampledwith contactnodes.Theinformationgainedduring
the creationof the contactsurfaceis usedto apply a penaltymethodthat sepa-
ratesintersectingobjects,i.e.,forcesarecomputedthatactagainstthepenetration.
While penaltymethodsareef�cient to computeandyield stableanimations,they
do not prevent objectsfrom penetrating.However, sincewe have alreadyhan-
dledpenetrationby deformingthesurface,a simplepenaltymethodis suf�cient
ascollision responsemodelfor thevolume.

In the following subsectionsanapproachis describedthatcomputesa penalty
andfriction force for eachcontactnode.Theseforcesarethendistributedto the
particlesof thecolliding objects.Weconsidertwo colliding objectsG1 andG2 and
derive theforcesfor G1. Theforcesfor G2 arecomputedanalogously.
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Figure 5.20: Penaltyand friction force computationfor a contactnodec on the contact
surfaceSc betweentwo objectsG1 andG2 with surfaceS1 andS2, respectively.
Theforcesdependlinearly on thedistancebetweenx1 andx2.

Penalty Force Computation

A penaltyforceis de�ned for eachcontactnodesuchthattwo intersectingobjects
areseparatedalongthepenetrationdirection.A reasonableapproximationof this
directionat a contactnodec in caseof small penetrationsis to take the normal
vectornc atc, seeFigure5.20.

By shootinga ray from c alongnc and� nc andintersectit with S1 andS2 we
get the pointsx1 2 S1 andx2 2 S2, respectively (if the surfaceis in the middle,
i.e., E1 = E2, thenit is suf�cient to computeonly x1, mirroring it at c givesx2).
We thensetup a force-displacementrelationshipbetweenx1 andx2. We choose
a linearelasticmodeldependingon thepenetrationdirectiondc = x1 � x2, i.e., a
linearspringof restlengthkdck=2 is attachedbetweenx1 andx2 resultingin the
following force

fpen
c = �

1
2

(kpendc + kdamp�dc); (5.38)

wherekpen is the springstiffness. This stiffnessis a parameterof our collision
responsemodel.It controlsthetrade-off betweenquality, i.e.,smallpenetrations,
andthestability of thesimulation.Thestabilityproblemsin connectionwith stiff
springsis reducedby addingdamping. The time derivative of the penetration
direction �dc at c is equalto therelative velocity of G1 andG2 at c in directiondc,
i.e.,

�dc = vper
c =

(vrel
c � dc)dc

kdck
2 : (5.39)

Therelativevelocity is computedas

vrel
c = vG1(c) � vG2(c); (5.40)

wherethe velocity vGi (c) of objectGi at c is computedusinga normalizedSPH
approximationof thevelocityof particlesp j within therangehc:

vGi (c) =
å p j2Wi

w(c� p j ;hc)Vjv j

å p j2Wi w(c� p j ;hc)Vj
; (5.41)
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Figure 5.21: PlasticMax Planckmodelsbuilding apile andfalling apartagain.

whereweusethekernelwpoly asaweightingfunction(seeEquation(4.9)).

Friction Force Computation

To prevent two objectsfrom freely sliding relative to one another, we apply a
Coulombfriction forceasproposedin [MC95] to eachcontactnodec

ffri
c = � µfri kfpen

c k
vtan

c

kvtan
c k

; (5.42)

whereµfri is thecoef�cient of friction andvtan
c thevelocityvectortangentialto the

penetrationdirectiondc

vtan
c = vrel

c � vper
c ; (5.43)

wherevrel
c is therelative velocity andvper

c thevelocity in directionof thepenalty
forceasde�ned in theprevioussection.

Force Distrib ution

Thetotalcollision responseforcefsurface
c of acontactnodec 2 Sc is thesumof the

forcesde�ned in Equations(5.38)and(5.42)

fsurface
c = r c(fpen

c + ffri
c ); (5.44)

wherer c denotesthe local contactnodedensityat c. This scalesthe force such
thatit is independentof thecontactsurfacesampling.Weuseasimpleestimation
for r c assuggestedby Pauly [Pau03]

r c =
k

pd2
c

; (5.45)

wheredc is thedistanceto thefarthestof thek nearestneighbornodesof c.
So far the computedcontactforcesfsurface

c are de�ned per contactnode. To
in�uencetheobject'sdynamics,theseforcesneedto bedistributedto theparticles.
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Figure 5.22: SantaClausriding thedragon.

A contactnodec exertsa force fcontact
i;c ontoa particlepi 2 W1 within its support

radiushc

fcontact
i;c =

w(pi � c;hc)fsurface
c

å j w(p j � c;hc)
; (5.46)

wherew is aweightingkernel(weuseagainwpoly). Theforcefor particlespi 2 W2
is computedanalogously, but with thenegativecontactforce� fsurface

c .
Thetotal forceactingona particlepi is then

fcontact
i = å

c2Sc

fcontact
i;c : (5.47)

This forcewill acton pi like anexternalforceat thenext time step.Notethatthe
sumof all contactnodecollision forcesis equalto thesumof all particleforces
actingon an object, i.e., å c fsurface

c = å i f
contact
i . Becausea contactnodealways

exertsthesameforceontobothobjects,thetotal sumof all exertedforcesis zero.
Theforcesthereforeconserve linearandangularmomentumof thesystem.

5.8.5 Contact Handling Pipeline
We will now summarizethedifferentstepsneededfor contacthandlingbetween
anarbitrarynumberof objects.After particlesandsurfelsareanimated,collision
handlingfor eachpair of objectsis performed.A boundingbox is computedfor
bothobjectsandthesurfelsin theintersectingboxarecheckedfor collisionasde-
scribedin Section5.8.2.Thecolliding surfelsaremovedto thecontactsurfaceSc.
Afterwards,Sc is resampledandfor visualaccuracy thenormalsarerecomputed
usingPCA(Section5.8.3).Thepenaltyforcesarecomputedfor eachcontactsur-
fel onSc andthendistributedto theneighboringparticles(Section5.8.4).Finally,
thenew surfaceSnew

i consistsof thenon-collidingsurfelsuni�ed with onesetof
surfelsof Sc. Notethatafterhaving computedthepenaltyforces,thenew collision
freesurfaceSnew

i is usedonly for rendering.Thenext time stepoperateson the
original surfaceSi . However, Snew

i is alsousedfor contacthandlingwith further
objects.Contacthandlingdependsthuson theorderof theobjectpairs.However,
in practicethereis only little difference.

95



Chapter 5 Deformable Solid Simulation

Figure 5.23: A soft elasticMax Planckmodelis initially heldby thecranium,thenmelted
anddroppedto thegroundplane:200particles,10ksurfels,28 frames=s

5.9 Results & Discussion
With thealgorithmsdescribedabovewedevelopedaframework for thesimulation
of deformableelasto-plasticobjectsincludingfracturingandcontacthandling.In
thissectionwewill discusstheachievedresultsandlimitationsof ourapproaches.
For all timingswe useda standardPentiumIV 3 GHz PCanda NVidia GeForce
FX 5900GPU.

Our framework allows to changephysicalpropertiesduringrun-time,asillus-
traedin Figure5.5,wherewelet anelasticmodelwith E = 0:5� 106N=m2 bounce
off the groundplane. The modelexhibits realisticelasticbehavior. Shortly be-
fore hitting the grounda secondtime, we switch to a plasticmaterial,resulting
in anirreversibledent.Afterwards,we switchbackto a stiff elasticmaterialwith
E = 0:5� 107N=m2. Themodelhastakenconsiderabledamage,but thesurfaceis
still skinnedcorrectly. A real-timemeltinganimationwith anadaptively sampled
surfaceis shown in Figure5.23,wherethemodelexhibits realisticelastic,plastic,
meltingand�o wing effects.For elasticdeformationsweachievereal-timeanima-
tionswith about30 frames=s for modelsthataresampledwith approximately200
particlesand10ksurfels,whereOpenGLis usedfor rendering.

A complicatedandhighly detailedoctopusmodel(Figure5.24)with 2:7k par-
ticles and465ksurfelsshows thestability andef�ciency of our method. In Fig-
ure 5.2 we demonstratethe effect of Poisson's ratio n for volumeconservation.
For theimagein themiddlewesetn to zero.Whenthemodelis pulledvertically,
its width doesnot changeand its volume is not conserved. In contrast,with a
ratioof 0:49thewidth adjuststo thestretchtherebyapproximatelyconservingthe
volumeof theobject(right).

Figure5.7 shows brittle fractureof a stiff elasticobject,computedat anaver-
ageof 22 secondsper frame. The initial model is sampledwith 4:3k particles
and 249k surfels. During fracturing the numberof particlesincreasesto 6:5k,
while 61kadditionalsurfelshavebeencreatedto de�ne thenew fracturesurfaces.
Comparedto FEM-basedapproachesthat usethe facesof simulationelements
to de�ne the object surface,we achieve a signi�cantly higher level of surface
detail without requiringa proportionallylarge numberof particles. This decou-
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Figure 5.24: Animating a highly detailedoctopusmodel: 2.7k particles,465k surfels,
2s=frame

pling of the simulationdomainfrom the representationof the boundarysurface
leadsto increasedperformanceandprovidesessentialcontrol in computerani-
mation,wherevisualquality is typically favoredover physicalaccuracy. On the
otherendof the spectrumof materialpropertiesthat our methodcanhandleis
the exampleof Figure5.8. The highly plasticbubblegum is deformedbeyond
recognitionbeforesplitting along a complex fracturesurface. The initial sam-
pling resolutionis 2:2k particlesand134k surfels,increasingto 3:3k and144k,
respectively, in the�nal model.Averagesimulationtimeis 2:4 secondsperframe.
Figure5.14 shows how we canexplicitly control fracture,usinga combination
of crackpainting,propagationhistory, andadaptive fracturethresholds.Initially,
the model is sampledwith 4:6k particlesand 49k surfels, fracturing increases
the numberof particlesto 5:8k andthe numberof surfelsto 72k, with an aver-
ageof 6 secondsper frame. The imagesof the animationsequencesshown in
Figures5.7,5.8 and5.14werecreatedusingtheopen-sourcerendererPOV-Ray
(http://www.povray.org ), which we extendedto handleray intersections
with surfelsas describedin [AA03a,AA04a,AKP+ 05]. As mentionedabove,
we avoid anexplicit representationof the intersectioncurve of two adjacentsur-
facesheetsby deferringthesurface-surfaceintersectionproblemto therendering
stage,whereit canbesolvedef�ciently . We adapttheCSGrenderingtechnique
for point-sampledsurfacesproposedby Wickeetal. [WTG04]. Duringfracturing,
wemaintaina list of all intersectingsurfacesheetsthatform asharpcrease.With
thisminimaltopologicalstructureall surface-surfaceintersectionscanberesolved
by therendererduringray-casting(seeFigure5.10).

Note that all fracturedmodelshave beenresampledsubstantiallyduring the
simulation to match the increasedgeometricand topological complexity after
fracturing. The simplicity of this dynamicresamplingof the simulationdomain
highlightsoneof the main bene�ts of meshlessmethodsfor physics-basedani-
mation. A similar argumentholdsfor our surfacesamplingmethod. Insteadof
maintaininga consistentsurfacemeshand dynamicallycutting and remeshing
duringsimulation,our samplingschemesimply insertsandmovessurfelsduring
crackpropagation.

An examplefor contacthandlingis shown in Figure5.21,wherethreeplastic
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Figure 5.25: Newton's Cradlewith stiff elasticspheres.Middle: Contactsurfaceof left
sphere.

Max Planckbustsfall ontoeachotherbuilding a pile, fall apartagainand�nally
cometo rest.Stiff elasticspheresareusedto simulateNewton's Cradle,seeFig-
ure 5.25. In the middle picturethe contactsurfaceof the �rst sphereis shown.
TheSantaClausriding thedragon,shown in Figure5.22,is anexamplefor con-
tacthandlingbetweentwo highly complex models.To prevent that themouthof
thedragonself-intersectswe storeall neighborswithin the in�uence distance.If
two particlescomeclosethat werenot in the in�uence region before,a simple
penaltyforceis appliedto thetwo particles.

In thelastexampleshown in Figure6.7,ahighlyplasticobject�rst stretchesand
thenfractures(seeSection6.7 for details). The two separatedpartsaredetected
andconvertedinto two separatedobjects.Afterwards,contacthandlingbetween
thetwo objectsis performedasdescribedabove.

In Figure5.26,we show the time measurementsof two colliding Max Planck
bustswith each10ksurfelsand390particles.Wemadethebustselasticsuchthat
the physicalanimationperformsin aboutconstanttime. The red line shows the
total timeneededfor theanimationincludingcontacthandlingandrendering.The
time neededfor contacthandlingis shown in blue, andthe numberof colliding
surfelsis shown in orange.Therearemany factorsin�uencing theperformance:
For large intersectionsthat yield contactsurfaceswith many contactnodes,dis-
tributing thenodeforcesto theparticlesis themostexpensive step. This canbe
donein O(c� q), wherec is thenumberof contactnodesandq is theaveragenum-
berof particleswithin thesupportradiushc of a contactnode,wherewe assume
that rangequeriescanbe donein constanttime usinga hashdatastructure(see
Section7.1.1). Thetime complexity for computingthecolliding surfelsdepends
linearly on thenumberof surfelsin theintersectedboundingbox. For computing
thecontactsurface,thepenetrationdepthis crucial for theperformance.Deeper
penetrationusuallymeansthatmoreiterationsareneededto projectsurfelsonto
thecontactsurfaceandto resampleit.
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Figure 5.26: Performancemeasurementfor two colliding Max Planckmodelswith each
10k surfelsand390particles.Red: total animationtime. Blue: contacthandling
time. Orange:numberof colliding surfels.

5.9.1 Limitations
The presentedframework hasseveral limitations (someare discussedas future
work in thenext section).

The usedelasticitymodelassumesa Hookeanmaterial,i.e., materialswith a
linear stress-strainrelationship. However, this doesnot restrict us to isotropic
materials.Anisotropicmaterialscanbe simulatedby modifying the constitutive
matrixC describedin Section5.3.

The moving least-squaresapproximationmethodusedfor �rst-order accurate
approximationof thegradientof thedisplacement�eld (Section5.4.1)only works
well if eachparticle hasat least threeneighborsat non-degeneratedlocations.
The approachthusonly works for volumes,not for 2D layersor 1D stringsof
particles. Note that a minimum numberof neighborscanbe enforcedusingthe
resamplingalgorithmdescribedin Section5.7. However, if, for instance,during
fracturingmany small fragmentsare created,the numberof particlesincreases
drasticallywhich slows-down thecomputationsigni�cantly. Therefore,we resort
to modelingsmall piecesof materialasrigid bodies,assumingthat the internal
deformationsarenegligible. Fortunately, largenumbersof very small fragments
aremainly createdby stiff objectsthatexperiencebrittle fracture,wheresuchan
approximationis reasonable.

In the modeldescribedin this chapter, the restshapeis �x ed or transformed
rigidly. Thus,theneighborhoodof theparticlesdoesnot changewhich prevents
from recomputingthemomentmatricesandweightsaftereachtime step. How-
ever, changesin topology, which arenot modeledexplicitly aswasdonefor frac-
turing, cannotbe handled. This restrictionwill be lifted in the next chapterby
usingadeformablerestshape,seeSection6.4.1.
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Extremelystiff objectsrequireverysmalltimestepsto obtainanaccuratedistri-
butionof stresswithin thematerial.Thisproblemcanbealleviatedusingimplicit
or semi-implicit integrationschemes.A derivationof thestiffnessmatrix andthe
implicit dynamicequationsaregivenin [MKN + 04].

Thepresentedcollisionhandlingalgorithmusespenaltyforcesto separatepen-
etratingobjects.Thecomputationof theseforcesdependson anaccurateestima-
tion of thepenetrationdirection.Thealgorithmis thereforeespeciallysusceptible
to fail for deeppenetrations,wherethe penaltyforcemight point to otherdirec-
tions thantheactualdeformationdirection. Also thecomputationof thecontact
surfacecanbeverycostlyfor deeppenetrations.Furthermore,thealgorithmis not
capableto detectandresolveself-intersections.

5.10 Extensions & Future Work
Theframework hasbeenextendedin severalwaysandopensup variousresearch
directions.

As describedin Section5.4.3, the restshapeis transformedrigidly to reduce
numericalproblemsandghostforces.Thisworks�ne aslongasthewholeobject
undergoesmoreor lessrigid transformations.However, if two or morepartsof
an objectaretransformedindependently, theseproblemscanstill occur. A pos-
sible solution is to divide the set of particlesinto overlappingclusters,similar
to [MHTG05]. Theshapematchingis thendonepercluster, andtheobtainedpo-
sitionsblendedwith overlappingclusters.If we increasethe numberof clusters
sothatat theendeveryparticlewith its surroundingneighborsbuild acluster, the
rigid transformationsareextractedperparticle.However, thenit will take longer
for a deformedobjectto turn backto its restshape.Furthermore,it increasesthe
neededcomputationtimeperparticlesigni�cantly.

Our fracturing algorithmscan also be usedfor cutting, as demonstratedby
Steinemannet al. [SOG06]. To make it suitablefor interactive simulations,they
constructavisibility graphthatstoresproximity information.Thevisibility graph
is updateddynamicallywhenacrackpropagates.

In Section4.4 anapproachhasbeenpresentedfor �uid-rigid bodyinteraction.
The rigid body is sampledwith particlesand then treatedas a rigid �uid, i.e.,
forcesbetween�uid andrigid body particlesarecomputedthe sameway asfor
multiphase�uids andthenintegratedonto the rigid objectto achieve rigid body
motion.Wecanusethesameapproachfor simulatingtheinteractionbetween�uid
anddeformableobjects. The forcesappliedfrom the �uid onto the deformable
objectparticlesareaddedasexternal forces. Experimentsshow that this works
very stably. As with rigid bodies,thesamplingdensityof thedeformableobject
shouldbe similar to the samplingof the �uid. Unlike with rigid bodieswhere
it is suf�cient to only sampletheobjectwith particleswithin thedistanceof the
supportradius,thewholevolumeof thedeformingobjectsneedsto besampled.
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However, to reducethenumberof solid particlesin theinterior of theobject,the
multiresolutionapproachdescribedin Section4.5canbeused.

The presentedcontacthandlingalgorithmcanonly detectcollisionsbetween
separatedobjectsor objectparts.Ef�cient detectionof self-collisionsis adif�cult
problem,especiallyin thecaseof point-sampledsurfacesdueto themissingcon-
nectivity. Exploiting spatialandtemporalcoherencefor contacthandlingwould
makeouralgorithmmoreef�cient. In [HTK + 04]weproposeamethodtocompute
aconsistentpenetrationdepthanddirectionevenin caseof largepenetrations.Al-
thoughthisapproachrequiresavolumetricmesh,it couldbeadaptedto particles.

In [AKP+ 05] weexploit thesurfaceanimationschemepresentedin Section5.5
to acceleratebuilding a boundingspherehierarchyfor ef�cient raytracingof de-
forming point-sampledobjects. Due to the decouplingof the (high-resolution)
surfaceandthe(coarse)volumetricrepresentation,a reduceddeformationmodel
similar to [JP04]is used,wherethedisplacementof thesurfacecanbeexpressed
with signi�cantly fewer parametersthanthenumberof degreesof freedomof the
surfaceitself. Furthermore,a novel techniquefor renderingsharpedgesandcor-
nersin point-sampledmodelsis presented.The updateof the boundingsphere
hierarchycouldalsobeusedfor acceleratingthecollision detectiondescribedin
Section5.8.2.

In thenext chapterwe will describehow to combine�uids anddeformableob-
jectsto simulateviscoelasticmaterialsaswell asphase-transitions,i.e., melting
andfreezing. This alsorequiresan extensionof the surfaceanimationsuchthat
implicit changesin topologycanbe handledanda smoothtransitionfrom a de-
tailedsolidsurfaceto a smooth�uid surfacecanbeachieved.

5.11 Summar y
With themeshlessframework describedabove,deformableobjectswith material
propertiesrangingfromstiff elastictohighlyplasticcanbesimulatedatinteractive
ratesfor moderatecomplexity. Theforcesarederivedfrom continuummechanics
andcomputedlocally basedon the neighborhoodof a particle. Physicalparam-
eterscanbe modi�ed at run-time,resultingin visually plausibleandinteresting
effectssuchasmeltingandsolidifying asalsodescribedin thenext chapter.

Extendingthis framework for fracturingis straightforward andshows several
advantagescomparedto FEM simulation. Insteadof maintaininga consistent
volumetricmeshusingcontinuouscuttingandrestructuringof �nite elements,the
shapefunctionsof theparticlesareadjusteddynamicallybasedonsimplevisibility
constraints.

Thespacediscretizationis continuouslyadaptedusinginsertionsof new parti-
cles. The simplicity of this dynamicresamplingof the simulationdomainhigh-
lightsoneof themainbene�tsof meshlessLagrangianmethodsfor physics-based
animation. Due to minimal consistency constraintsbetweenneighboringparti-
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cles,dynamicresamplingis ef�cient andeasyto implement,ascomparedto the
far moreinvolvedremeshingmethodsusedin FEM simulations.

A point-basedrepresentationis built for the boundarysurface,which allows
ef�cient dynamicsamplingof fractureand contactsurfacesas well as surface
re�nementto maintainahighqualitysurfacealsofor largedeformations.Further-
more,it facilitatesexplicit control of the object topology(seealsoSection6.6).
Thedecouplingof thesurfacefrom thevolumetricrepresentationenablesef�cient
animationsof highly detailedsurfaces.

This decouplingis alsoexploitedfor resolvingobject-objectcollisions.By us-
ing a high resolutionsurfacefor contacthandlinganda low resolutionrepresen-
tation for thedeformation,theanimationis bothstableandef�cient. Due to the
smoothingeffect of thedistribution of thesurfaceforcesto theparticles,oscilla-
tionsfor restingcontactsareavoided.

A generallimitation of themeshlessapproachis thatevenverysmallfragments
mustbe sampledsuf�ciently densein order to obtaina stableevaluationof the
shapefunctions.This in�ates thenumberof particleswhenanobjectis fractured
excessively, which slowsdown thecomputations.
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Chapter 6

Solid-Fluid Simulation

In this chapterwe want to extendandcombinethe �uid anddeformablesolids
animationframeworks describedin Chapter4 and Chapter5 suchthat we can
simulatealsomaterialsthatarein-between�uids andsolids,so-calledviscoelas-
tic materials.Webrie�y discusshow to deriveacommonequationfor bothsolids
and�uids from a Lagrangianviewpoint. Using our particle-basedapproach,we
areableto employ a uni�ed methodto animatebothsolidsand�uids aswell as
viscoelasticmaterialsandmelting and freezing. Centralto our framework is a
hybrid implicit-explicit surfacegenerationapproachthat is capableof represent-
ing �ne surfacedetailaswell ashandlingtopologicalchangesat interactive rates
for moderatelycomplex objects. We thusextendthe point-basedsurfacemodel
describedin thelastchaptersuchthatthesurfaceadaptsto thenew positionof the
particlesby minimizing apotentialenergy subjectto geometricconstraints.

Our physicsmodelis basedon Newtonianmechanicsandthe combinationof
�uid andelasticsolid stresses(Section6.3). Arbitrary plasticdeformationscan
beachievedby adaptingtherestshapeto thedeformation(Section6.4). By intro-
ducingtemperaturediffusion anda simplemodelfor couplingtemperaturewith
physicalparameters,meltingandfreezingeffectscanbesimulated(Section6.5).
To copewith theseeffects,potential�elds arede�neddueto whichthesurfacede-
formssuchthat it adaptsto thephysicsrepresentation(Section6.6). Our surface
modelcombinestheadvantagesof explicit andimplicit representationsin that it
canexplicitly representhighdetailedsurfacesfor solids,but continuouslychanges
to animplicit representationwhile meltingto a �uid with a smoothsurface(Sec-
tion 6.6.6). We illustrateour algorithmon a variety of examplesrangingfrom
stiff elasticandelasto-plasticmaterialsto �uids with variableviscosity, aswell as
meltingobjectsandfreezing�uids (Section6.7).
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6.1 Intr oduction
Simulationof specialeffects, suchasmelting and freezingor the animationof
viscoelasticmaterials,play an importantrole in computergraphicsapplications
suchasfeature�lms andgames.A prominentexampleis theterminatorsequence
from thewell-known feature�lm, wherethemetallic terminatoris shattered,af-
ter which the individual piecesmelt andfuse,beforeretainingtheold shapeand
freezingto a solid. Filming theseeffectsis oftennot possible,be it becauseit is
too costlyor too complex. Simulationon thecomputerhastheadvantagethat it
is comparablycheap,andevenmaterialscanbeanimatedthatdo not necessarily
exist. However, evenif thesimulatedmaterialsarearti�cial, theanimationsstill
have to look physicallyplausible.

Themaindifferencebetweensolidsand�uids is thatsolidshaverestoringforces
dueto stresses,whereasan ideal Newtonian�uid storesno deformationenergy.
However, many materialscannotbe classi�ed clearly as solid or �uid. Solids
often start to �o w plasticallywhena high continuousstressis applied. On the
otherhand,some(so-callednon-Newtonian)�uids canwithstandsmall shearing
stress,seealsoSection2.1.5.To simulateall kindsof theseso-calledviscoelastic
materials,a methodhasto beableto handlethefull rangefrom stiffelasticsolids
to elasto-plasticmaterialsto �uids. In Chapters4 and5 we appliedthemeshless
SmoothedParticle Hydrodynamics(SPH)methodto simulate�uids andelasto-
plasticsolids,respectively. In thischapterwewill combinetheseapproachessuch
thatarbitraryviscoelasticmaterialscanbesimulated.Furthermore,we will show
how we cancontinuouslychangebetweenthematerialpropertiesdependingon a
temperaturescalarvalueto animatematerialsthatmelt andfreeze.

Meshlessparticle-basedmethodsrequirethede�nition or extractionof an im-
plicit or explicit surface,for instance,for renderingandcontacthandling. In the
context of a unifying framework for solid-�uid animationsthe surfacemustbe
ableto ful�ll variousrequirements.Solidsurfacesareoftenverydetailed,whereas
�uid surfacesaresmoothdueto surfacetension.For phasetransitionsfrom solids
to �uids thedetailshoulddisappear, whereasfrom �uids to solidstheexistingde-
tail hasto be preserved. Additionally, thesurfaceshouldbe temporallysmooth,
i.e., temporalaliasingsuchaspoppingartifactshave to beavoided.Finally, topo-
logical changessuchassplashesmustbe handledby the surface. We will show
how to ful�ll theserequirementsby dynamicallymaintainingapoint-sampledsur-
facewrappedaroundtheparticles.

6.2 Related Work
In this sectionwe give a shortoverview of work that hasbeendonein physics-
basedanimationof meltingandsolidifying of objectsandthe simulationof vis-
coelastic�uids. Furthermore,we will discussresearchin surfaceextractionand
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animationfor simulateddeformingobjectsand�uids.

6.2.1 Melting Objects and Viscoelastic Fluids
Terzopoulosetal. extendedtheirwork onphysics-basedanimationof deformable
objects[TPBF87,TF88] for heatingandmelting [TPF89]. In their mass-spring
system,they achieved a (local) phasetransitionfrom solids to �uids by simply
varying the spring constantand �nally removing a spring. Tonnesen[Ton91,
Ton98] coupleparticlesbasedon potentialenergies (seeSection3.1.1 for de-
tails). Applying the heatequationto this particlesystemchangesthe potential
energies, thus,soft objectsstart to melt. Carlsonet al. [CMVT02] usedan Eu-
leriangrid-based�uid simulationmethodfor melting,�o wing andsolidifying of
objects.Their methodis capableof modellingdifferentmaterials,rangingfrom
rigid solids to �uids, by varying the viscosity. Storaet al. [SAC+ 99] simulated
the �o w of lava usingSPHby couplingviscositywith temperature.Viscoelastic
andplasticmaterialsareachievedby Clavet et al. by combiningtheSPHmethod
with a mass-springsystem[CBP05]. Wicke et al. [WHP+ 06] discardexplicit
connectivity informationcompletely. Instead,they usethe initial regularparticle
samplingasa reststatein combinationwith shapematchingtechniques.

Goktekin et al. [GBO04] addedelastictermsto the Navier-Stokes equations
which they solve usingEulerianmethods,thusobtainingviscoelastic�uids that
canmodela variety of materialssuchasclay andpudding. Our work is similar
to theirsin thatwe alsocombine�uid andsolid characteristics.Solvinganequa-
tion thatcombinessolid mechanicsandtheNavier-Stokesequationsallows usto
animatematerialsfrom stiff elasticandelasto-plasticobjectsto �uids with low
viscosity. Losassoet al. [LIGF06] usea FEM simulationfor deformableobjects
anda Euleriansolver for �uids. A level setrepresentationfor thesurfaceis used
to couplethetwo methods,thusenablingmeltingandburningof solids.However,
therepresentationof �ne surfacedetail is dif�cult usinglevel sets.

6.2.2 Surface Extraction and Animation
Stateof the art methodsin Eulerian�uid simulationuselevel sets,introduced
by OsherandSethian[OS88], to renderthe �uid [FF01]. Level setsstartwith
an implicit function that is evolved over time using a velocity �eld. This al-
lows temporallysmoothsurfaceanimation.However, level setevolution cansuf-
fer from severevolume loss,especiallyneardetailedfeaturessuchassplashes.
As a solution, Enright et al. proposeto combinelevel setswith surfaceparti-
cles[EMF02,ELF05a].Volumelossis avoidedby Bargteil et al. [BGOS06]who
computetheadvectedgrid distancevaluesto anexplicit mesh,thusobtainingex-
actvalues.Thiscomesat thepriceof lowercomputationalspeed.

DesbrunandCannimodelsoft inelasticobjectsthat split andmerge by coat-
ing a setof skeletonsusinganimplicit representation[DC95]. They extendtheir

105



Chapter 6 Solid-Fluid Simulation

work by introducingactive implicit surfaces[DC98], which move accordingto a
velocity�eld. Thevelocity�eld is chosensuchthatthesurfaceis attractedto age-
ometriccoating,but othertermssuchassurfacetensionandvolumeconservation
arealsoapplied.

The techniquesdiscussedabove animatethe surfaceby solving a PDE on a
grid, followedby isosurfaceextractionfor rendering.Witkin andHeckbertde�ne
constraintsto keepsurfaceparticleson a moving implicit surface[WH94]. Sur-
faceparticlesadaptively samplethesurfaceusingasplittingandmergingscheme.
SzeliskiandTonnesenintroducedorientedparticlesfor surfacemodeling[ST92].
Additional to long-rangeattractionandshort-rangerepulsionforces,they de�ne
potentialsthatfavor locally planaror locally sphericalarrangements.Their parti-
clesystemcanhandlegeometricsurfaceswith arbitrarytopology. Similarto them,
we usesurfelsasorientedparticles.Our explicit surfacerepresentationdeforms
by internalandexternalforcesandgeometricconstraints,similar to activeimplicit
surfaces[DC98]. Wederive theforcesby minimizingapotentialenergy termthat
dependsonboththesurfaceandthephysicalparticles.Besidesgainingef�ciency
in computationandmemory, we canexploit all advantagesof explicit surfaces
suchasthesimplerepresentationof �ne surfacedetails.

6.3 Physics Model
Thedifferencein thephysicsmodelbetween�uids andelasticsolidsis thatsolids
havearestshapede�nedandthuselasticrestoringforcesdueto internalstress.In
thenext sectionwewill brie�y discusstheequationsfor �uids andsolids,andde-
riveauni�ed momentumequationthatenablesalsothesimulationof viscoelastic
materials.

6.3.1 Governing Equations
As describedin Section2.1 (seealso[MG04]), we canwrite theequationsfor an
elasticsolidas

r
¶2u
¶t2 = r � ss(u) + f̃ext; (6.1)

andfor anincompressibleNewtonian�uid as

r
Dv
Dt

= r � s f (v) + f̃ext: (6.2)

Both Equations(6.1)and(6.2)describethechangein momentum,which is equal
to internalforcedensity�elds dueto stressesandbodyforcedensityvector�elds
f̃ext, wherer denotesthedensity, u thedisplacementfrom thematerialcoordinates
m, v the velocity and s the stresstensor. Dv

Dt is the materialderivative of the
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Figure 6.1: Solidifying a �uid dueto thecontactwith thefrozenground.

velocity �eld. Conservationof massis representedas

¶r
¶t

+ r r � v = 0: (6.3)

Theseequationscan be simpli�ed when using a particle-basedLagrangianap-
proach. By assigningeachparticle pi a constantmassmi, massconservation is
guaranteedandEquation(6.3)canbeomitted.Furthermore,becausetheparticles
movewith the�uid, thematerialderivative Dv

Dt of thevelocity �eld is equalto the
partial time derivative of the particles' velocity (seeEquation(2.5)). Using that
v = ¶u

¶t , Equations(6.1)and(6.2)canbewritten in theLagrangianform as

r
¶2u
¶t2 = r � ss(u) + f̃ext; (6.4)

r
¶2u
¶t2 = r � s f(v) + f̃ext: (6.5)

The �uid stresstensors f is composedof the viscousstresss viscous and the
isotropicpressurestressspressure, i.e.,s f = sviscous+ spressure. Notethatthesolid
stressss is relatedto shapedeformations,whereasthe viscousstresss viscous is
dueto “sliding forces” thatdo not changethevolumeandthe isotropicpressure
stressspressureis dueto volumechanges.For materialsthat do not changetheir
volume,wecanthusmergeEquations(6.4)and(6.5)asfollows

r
¶2u
¶t2 = r � s(u;v) + f̃ext; (6.6)

wheres(u;v) = ss(u)+ s f(v) is thesumof theelastic,viscousandpressurestress.
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6.3.2 Force Computations
For computingthe stressess s(u) and s f(v) and the resulting forces, the SPH
methoddescribedin Sections4.3and5.4 is used.We give herea shortsummary
of thederivedforces.

Elastic Force. As describedin Section5.3, theelasticforcefor a particlepi can
becomputedvia thestrainenergy

Ustrain
i =

1
2
Vi(es

i � ss
i ); (6.7)

wherees
i is thestrainandss

i theelasticstressof pi . We usea linearstress-strain
relationship(Hooke's law), i.e., s s

i = Ces
i . For an isotropicmaterial,the consti-

tutive matrix C only dependson Young's modulusE andPoisson's ratio n. The
strainis measuredusingthequadraticGreen-Saint-Venantstraintensor

es
i =

1
2

(r ui + r uT
i + r uir uT

i ); (6.8)

whereui is the displacementof a particlefrom its restshape.The elasticforce
felastic
i of aparticlepi is computedasthedirectionalderivativeof thestrainenergy

felastic
i = �r uiU

strain
i = � Viss

i r ui e
s
i ; (6.9)

whereVi is thevolumeof pi , computedasVi = mi=r i . For modelingplasticitywe
usetheapproachdescribedin Section5.4.4.

Viscosityand Pressure Force. Theviscousstresss viscous
i andtheisotropicpres-

surestressspressure
i for aparticlepi arecomputedas

sviscous
i = µir vi and (6.10)

spressure
i = � PI ; (6.11)

whereµi is theviscositycoef�cient, P thescalarpressureandI theidentitymatrix.
Thepressureis computedusingtheconstitutiveequationgivenin Equation(4.8).
Note that for meltingandfreezing,µi canlocally differ andis subjectto change.
Applying theSPHapproximation,wegetthefollowing forces

fpressure
i = � Vi å

j
Vj

Pi + Pj

2
r wspiky(r i j ;h) and (6.12)

fviscosity
i = Vi å

j
Vj

µi + µ j

2
(v j � vi)r 2wlaplace(r i j ;h); (6.13)

wherer i j = pi � p j is thedistancevectorbetweentwo particlespi andp j andh is
thesupportradius.
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Integrat ion

Elastic Force

Strain/Stress

Density

Fluid Force

Pressure

Figure 6.2: Forcecomputationpipeline.The�uid forcesarecomputedonly oncepertime
step,whereastheelasticforce is computedin every subtime step.This pipeline
is partof theanimationloopshown in Figure1.1.

6.4 Partic le Animation
Dependingon theapplication,weeithersamplethevolumeof anobject(seeSec-
tions 4.3.1 and 5.7) or usea sourcethat createsa streamof particles. In each
iteration,we �rst computefor eachparticlepi its particleneighborhoodusingei-
thera kd-treeor hashgrid asa searchdatastructure(seeSection7.1). Theforces
arethencomputedasdescribedin theprevioussection,yielding thetotal force

ftotal
i = fpressure

i + fviscosity
i + felastic

i + fext
i (6.14)

wherefext
i = mig+ fcontact

i is theexternalbodyforceduetogravity andthecollision
responseforce fcontact

i (seeSection5.8.4). For integration we usethe leapfrog
scheme(seeSection7.2.1),which showedto bebothef�cient andstablefor our
animations.

6.4.1 Deformation of the Rest Shape
All elasticforcesarecomputedrelative to a restshapeto counteractderivations
of the deformedshapein world coordinatesto the restshapein materialcoordi-
nates(Section2.1).To avoid numericalproblems,amethodhasbeenproposedin
Section5.4.3to rigidly transformtherestshapesuchthatit optimallymatchesthe
shapein world coordinates.However, thisdoesnotchangetheneighborhoodof a
particle,evenif in world coordinatestheneighborhoodmight becompletelydif-
ferent.In caseof melting,theobjectcandeviatefar from its originalshapeandthe
topologymightchangecompletely. Thus,storingtheoriginalneighborhoodis not
usefulanymore.Instead,we suggestto updatethereferencesystemby absorbing
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thedeformationcompletelywhile storingthebuilt up strainses
i of a particlepi in

theplasticstrainstatevariableep
i (seeSection5.4.4),i.e.,

ep
i  ep

i � es
i ; mi  mi + ui ; ui  0; (6.15)

wherethe straines
i is computedasdescribedin Section5.4. Note thatwhenwe

updatetherestshape,all informationabouttheoriginal shapeis lost andthusthe
objectwill not go backto its original shapeanymore. Becausegenerallyseveral
iterationsareneededto bring a deformedmeshback to its original shape,only
highly plastic materialscan be simulatedif the rest shapeis updatedin every
time step. Instead,we updatethe rest shapeonly every n-th time step,where
n = 10 showed to be suf�cient for small elasticdeformations.It turnedout that
the requiredtime stepfor stablyintegratingthe elasticforcesis aboutten times
lower than for integrating the �uid forces(for �uid simulation(Chapter4) we
useda time stepDt = 1ms andfor simulationof deformableobjects(Chapter5)
we usedDt = 0:1ms). Thesimulationcanthusbespeededup by �rst computing
both elasticand�uid forces,but thenintegratetheseforcesduring ten subtime
steps(i.e., with a time stepDt=10), wherethe elasticforcesare recomputedin
everysubtimestep(cf. Figure6.2).This resultsin asigni�cant performancegain
becausetheneighborhooddoesnot needto berecomputeduntil therestshapeis
updated.

6.5 Melting and Solidifying
In oursettingamaterialcanbede�nedby thefollowing mainproperties:Stiffness
(Young's modulusE), compressibility(Poisson's ratio n), plasticity (kyield and
kcreep), viscosity(µ) andcohesionfor particlesat theinterface(kcohesion, modeled
as pressurejump, seeSection4.4.2). As long as thesevaluesare chosenin a
(physically)reasonablerange,they canbe arbitrarily combined.Therefore,also
materialsthatdo notexist in thephysicalworld, suchasstiff elastic�uids, canbe
simulated.

For melting and solidifying the materialparametersneedto changetogether
with thechangingaggregationstate.To allow local changes,eachparticlestores
its own materialparameters.If thematerialmeltsfrom solid to �uid, thestiffness
andviscositydecrease,whereascohesionat the surfaceandplasticity increase,
andviceversafor solidifying.

Note thatherewe arenot interestedin the(highly complex) physicalaccurate
modelingof phasetransitions.Instead,theusercansettheparametersdescribed
above for two materials.We assignto eachparticlepi a scalarvalueTi which is
usedto interpolatebetweenthe two materials.We call Ti the temperature of pi .
Assumingascalarmaterialparametera is setby theuserto amin andamax for Tmin

andTmax, ai is computedusinglinear interpolationfrom thecurrenttemperature
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6.5 Melting and Solidifying

Figure 6.3: Melting two cubesthrougha funnel with differentplasticity constants.The
meltedcubesfreezeon theground.
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Ti

ai = amin +
Ti � Tmin

Tmax� Tmin (amax� amin) (6.16)

Heattransferbetweenparticlesis modeledby solvingtheheatconductionequa-
tion [MHW05]

kcapdT
dt

=
1
r

r (kr T); (6.17)

wherekcap is theheatcapacityperunit massatconstantpressure,r thedensityand
k the thermalconductivity coef�cient. Assumingthat k is constantandthat the
heatcapacityis constantwithin therestvolumeVi of a particlepi (i.e.,kcap=mi =
const,wheremi is themassof pi), wecandiscretizethisequationasfollows

kcapdTi

dt
= Vikr 2T; (6.18)

wherer 2 is theLaplacian.SolvingthisequationusingSPHyields

dTi

dt
= kheatVi å

j
Vj (Tj � Ti)r 2wlaplace(r i j ;h); (6.19)

wherekheat= k=kcap and wlaplace is the samekernelas we usedfor computing
the viscosity forces(seeSection4.3.2). For computingthe heat transferfrom
boundariesto �uid particlesweuseamodelsimilar to [SAC+ 99]

dText
i

dt
=

(
kheat

ext Vi(h2 � d2
i )p(Text � Ti); if di < h

0 otherwise
(6.20)

wheredi is thedistanceof pi to theboundary, (h2 � d2
i )p is theapproximationof

thecontactsurfaceareawith theboundary, kheat
ext = kext=kcap

ext , andh is thecharac-
teristicsmoothinglength.

6.6 Surface Animation
In Section5.5a surfacemodelhasbeenpresentedwherea point-sampledsurface
is embeddedinto the particlerepresentationby advectingthe surfelsalongwith
the displacement�eld de�ned by the particles. While this approachis fastand
yieldsgoodresultsin caseof deformations,it cannothandletopologicalchanges
of the surface,cf. Figure 6.7. In this sectionwe will show how to extend the
surfacedisplacementapproachsuchthatarbitrarychangesof topologyde�ned by
theparticlescanbehandled.

To beableto animateanddeformthesurface,eachsurfelstoresa setof neigh-
boringparticlesandasetof neighboringsurfels(Section6.6.1).After performing
ananimationstepof theparticles,we getanestimationof thenew surfaceby ad-
vectingthesurfelsalongwith theneighboringparticles.Similar to activecontour
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6.6 Surface Animation

Figure 6.4: Melting of acubewith sharpedges.

models[KWT88, DC98], the surfaceadaptsto the new positionof the particles
by minimizingapotentialenergy termwhile ful�lling geometricconstraints(Sec-
tion 6.6.2). Thesurfaceresolutionis adaptedusinga simpleresamplingscheme
thatensuresa hole-freesurface(Section6.6.3). Disjoint componentsof the sur-
faceare identi�ed and the particlesandsurfelsareseparatedaccordingly(Sec-
tion 6.6.5).We detectintersectionsof separatedsurfacesandmergetheintersect-
ing surfaceparts(Section6.6.5).Finally, weshow how thesurfacecanbeblended
smoothlybetweendetailedsolidandsmooth�uid surfaces(Section6.6.6).

6.6.1 Surf el Neighborhoods
Eachsurfelsi storesa setPi of neighboringparticlesanda setSi of neighboring
surfelsof the sameobject (Figure 6.5). The neighboringparticlesare usedto
estimatethedisplacementof thesurfelsafterananimationstep.Fromthesurfel
neighborhood,forcesarecomputedto updatethesurfaceasdescribedbelow.
Particle Neighborhood. The neighboringparticles are computedin a pre-
animationstep. We reusethe searchdatastructureof the particles(Section6.4)
to determinethe neighboringparticlesp j that are within the (particle) support
radiushP of a surfelsi with positionsi . Furthermore,a weightwpoly(si � p j ;hP )
is storedfor eachneighborparticle,wherethekernelwpoly is usedasa smoothly
decayingweightfunction(seeEquation(4.9)).
Surfel Neighborhood. Additional to the particleneighborhood,a surfel si also
storestheneighboringsurfelswithin the(surfel)supportradiushS. Thisneighbor-
hoodis recomputedafter thesurfacehasbeendisplacedalongwith theparticles.
Duringsurfaceupdate,thepositionof thesurfelschangefrequentlyandtherefore
this surfelneighborhoodneedsto beupdatedquiteoften. Insteadof doinganup-
dateof the searchdatastructureandexpensive recomputationof the neighbors
eachtime thepositionof asurfelchanges,thefollowing updateschemeis used.
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particles pj

surfels si

particle neighborhood Pi surfel neighborhood Si

Figure 6.5: Left: thesurfelssi arewrappedaroundtheparticlesp j . Middle andright: each
surfelsi storesaparticleneighborhoodPi andasurfelneighborhoodSi .

Assumethata surfelsi changesits position. Let thenew neighborhoodbethe
(initially empty)setS0

i . First, all surfelsin Si with anEuclideandistancesmaller
thanhS areaddedto S0

i . We theniteratethroughall neighborsof theneighborsin
Si andaddthemto S0

i if their Euclideandistanceis smallerthanhS. By tagging
neighborsthatwerealreadyvisited,this updateprocedurecanbeperformedvery
fast. Note that not necessarilyall neighborsare found, however, as the surfel
positiondoesnotchangesigni�cantly duringthesurfacedeformation,thisupdate
procedureshowedto besuf�cient. Someof thefollowing algorithmswill only use
thek nearestneighborsfrom theneighborsetSi (we usek = 10). We denotethis
subsetasSsub

i .

6.6.2 Surface Deformation
The surfaceanimationis divided into two steps:First, the surfelsaredisplaced
along with the particles. They are then updatedto re�ect the new particle po-
sitionsby minimizing the surfaceenergy, whereconstraintsrestrict the possible
movements.

Surface Displacement

In the �rst step,eachsurfels with materialcoordinatesms is displacedusingthe
approachdescribedin Section5.5.1

s= ms+
1

å j wpoly(rs; j ;hP ) å
j

wpoly(rs; j ;hP )
�
u j + r uT

j (rs; j )
�

; (6.21)

wherers; j = ms � m j is thedistancevectorbetweenthesurfels anda neighbor-
ing particlem j in the restshape,ands is the positionof s in world coordinates.
Similarly, thetangentvectorsof s aredisplacedyielding thesurfelnormalns, see
Section5.5for details.
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Surface Update

After advectingthesurfacealongwith theparticles,
it is deformedin normaldirectionunderthe action
of surfaceforces,similar to balloons[Coh91]. The
forcesare derived by minimizing the potentialen-
ergy of the surface. The potentialenergy is com-
posedof externalpotentialsthatdependon thepar-
ticlesandinternalpotentialsthatdependon thesur-
fels. Wederiveanimplicit andanattractingpotential
suchthat the energy is minimizedwhenthe surfels
areattractedto an implicit surfaceandto the parti-
cles,respectively. Minimizing theinternalpotentials,consistingof thesmoothing
potentialandtherepulsionpotential,yieldsa locally smoothanduniformly sam-
pledsurface.Fromthepotentialenergy wederiveforcesactingonthesurfels.The
derivedforcesfrom theguiding,attractingandsmoothingpotentialact in normal
direction,whereastherepulsionforceis appliedin tangentialdirection.Notethat
theseforcesarede�ned for deformingthesurfaceonly, andthushavenoin�uence
on theparticles.
Guiding Potential. Wede�ne apurelygeometricimplicit coatingof theparticles
thatattractsourexplicit surface,similar to DesbrunandCani[DC98]. Eachparti-
cle p j de�nesa local �eld function. A potential�eld is de�ned by computingthe
weightedsumof the �eld functionsat anarbitrarypositionin space[Bli82]. We
usethecolor �eld j (x) describedin Section4.3.3asapotential�eld. Theguiding
potentialQguide

si is de�ned asthesquareddistancefrom thepositionsi of a surfel
si to its projectedpositiony I (si) on anisovalueI of thepotential�eld, i.e.,

Qguide
si

=
1
2

(y I (si) � si)2: (6.22)

The projection y I (si) is found using the Newton-Raphsonmethod (see Sec-
tion 2.4.2). Notethat for ef�ciency reasons,we do not enforcethis projectionto
be orthogonal. However, as the actualpoint-sampledsurfaceis generallyclose
to the isosurface,the differenceis not signi�cant. Thenormalnguide

si at y I (si) is
equalto thegradientof thecolor �eld , i.e.,

nguide
si

= r j (y I (si)) : (6.23)

Attracting Potential. Generally, wewantthesurfaceto coattheparticlesastight
aspossible.Thus,a potentialis de�ned suchthat the surfelsareattractedto the
particles. The attractingpotentialQattract

si
is computedas the sum of weighted

squareddistancesfrom asurfelsi to its neighboringparticlesp j 2 Pi , i.e.,

Qattract
si

=
1
2 å

p j2P i

(p j � si)2wpoly(si � p j ;hP ): (6.24)
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Figure 6.6: Illustrationof theimpactof theguiding,smoothingandattractingforce. Left:
guidingforceonly (kguide= 0:2). Middle: guidingandsmoothingforce(kguide=
0:2, ksmooth= 0:6). Right: guiding,smoothingandattractingforce(kguide = 0:2,
ksmooth= 0:6, kattract= 0:1).

SmoothingPotential. Minimizationof theimplicit andattractingpotentialyields
thewell-known blobartifactsdueto thediscretizationof thevolumewith particles
(seeFigure6.6). Hence,a potentialQsmooth is de�ned that yields a smoothsur-
face.Theimplicit surfacedescribedin Section2.5.1is a smoothsurfaceY smooth
thatapproximatesthesurfels.To ensurethatonly surfelsof thesamesurfacesheet
areconsidered,theneighborhoodfor computingY smooth is restrictedto neighbor
surfelswhosenormalshave an angleto the normalof si smallerthana thresh-
old (we choosep=4). The smoothingpotentialQsmooth

si
is thencomputedasthe

squareddistancefrom si to Y smooth

Qsmooth
si

=
1
2

�
y orth(si) � si

� 2
; (6.25)

wherey orth(si) is the orthogonalprojectionoperatordescribedin Section2.5.1.
Thenormalnsmooth

si
onY smoothaty orth(si) is

nsmooth
si

=
�

si � y orth(si)
� �

si � y orth(si)
�

� nsi

ksi � y orth(si)k
2 : (6.26)

Repulsion Potential. To achieve a locally uniform distribution, we de�ne a re-
pulsionpotentialQrepel similar to Pauly et al. [PGK02]. It is minimal whenthe
neighboringparticlessj 2 Ssub

i of asurfelsi haveadistancehS to si :

Qrepel
si

=
1
2 å

sj2S sub
i

�
hS �




 si � sj




 � 2

: (6.27)

Minimizing Forces.Thepotentialenergy of thesurfelssi is minimizedby apply-
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ing forcesthatarederivedfrom theenergy �elds

fguide
si

= �r si Q
guide
si

= y I (si) � si ; (6.28)

fattract
si

= �r si Q
attract
si

= å
p j2P i

�
wsi ;p j rp j ;si �

1
2

r wsi ;p j r
2
p j ;si

�
; (6.29)

fsmooth
si

= �r si Q
smooth
si

= y orth(si) � si ; (6.30)

frepel
si

= �r si Q
repel
si

= å
sj2S sub

i

�
hS �




 rsi ;sj




 �




 rsi ;sj




 rsi ;sj ; (6.31)

whererxi ;x j = xi � x j andwsi ;p j = wpoly(si � p j ;hP ).
Similar to balloons[Coh91]andlevel sets[OS88],thesurfaceis deformedonly

in normaldirection.We thusrestricttheguiding,smoothingandattractingpoten-
tial to actonly in directionof a surfel's normal,whereastherepulsionforceonly
actsin tangentialdirectionto achieve a locally uniform andhole free sampling.
First, a new surfelnormalnsi is computedastheaverageof the implicit gradient
nguide

si andthesmoothednormalnsmooth
si

,

nsi  
kguidenguide

si + ksmoothnsmooth
si





 kguidenguide

si + ksmoothnsmooth
si








(6.32)

. Thetangentialforcef tan
si

is thende�ned astheprojectionof therepulsionforce

frepel
si ontothetangentplanede�ned by thenew surfelnormalnsi :

ftan
si

= frepel
si

� (nsi � frepel
si

)nsi : (6.33)

Theforcein normaldirectionfnormal
si

is computedastheprojectionof theimplicit,
attracting,smoothingandoptionalexternalforces

fnormal
si

= (nsi � fsum
si

)nsi ; (6.34)

where

fsum
si

= kguidefguide
si

+ kattractfattract
si

+ ksmoothfsmooth
si

+ kextfext
si

: (6.35)

Theweightsareuserde�ned parametersthatallow to tradesmoothnessfor close-
nessof thesurfaceto theparticles,seeFigure6.6. Theexternalforce fext

si
comes

from anexternalforce�eld andcanbeused,for instance,to attractthesurfaceto
amodelsurface(seeFigure6.12).
Integration. Finally, we get thenew surfelpositionusingexplicit Euler integra-
tion as

si  si + a(fnormal
si

+ ftan
si

); (6.36)

where0 < a � 1 is theintegrationtime step.Notethatapplyingtheforcesalong
the new surfel normal vector nsi can be seenas a semi-explicit Euler integra-
tion, yieldingaverystableintegrationif all weightsaresmallerthanone,asnsi is
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smooth(assumingthattheisovalueI is chosensuchthattheisosurfaceis smooth).
To avoid oscillations,wedampthesystemby multiplying a ateachiterationwith
a dampingconstant.Theintegrationis repeateduntil themaximaldisplaceddis-
tanceof all surfelsof asurfacecomponentis below a threshold.

Constraints

Constraintsrestrictthepositionandmovementof thesurface.We proposeto use
two constraintswhich areappliedin thefollowing order:
Guiding Constraint. Optionally, asurfelcanberestrictedto bewithin aminimal
isolevel (seetheguidingforcedescriptionin theprevioussection),which is useful
for splitting of solid objectsaswill be shown in Section6.6.5. If the color �eld
valuej (si) of asurfelsi is smallerthanauserde�ned minimal isovalueI min, then
si is projectedontoImin. Thiscanalsobeseenasa maximumalloweddistanceto
theparticles.
External Constraints. Externalconstraintsareusedto restrict the surfaceto a
certainarea,for example,whendoing collision detectionwith an obstaclesuch
as a glass. For collision detectionwith �x ed boundariesonly the particlesare
consideredbut not the surface. It canthushappenthat surfelsstill penetratethe
boundaryalthoughthe particlesdo not. Thesepenetratingsurfelsareprojected
onto theboundary. Theprojectionis performed(if necessary)aftereachsurface
deformationiteration. Note that thesurfaceremainssmoothat theborderof the
projectedsurfelsdueto thesmoothingpotential.

6.6.3 Resampling
Resamplingis important to adapt the numberof surfels when the surface is
stretchedor compressed.Eachtime beforea surfaceforce is computed,we test
if thenumberof neighborsjSi j of a surfelsi is smalleror larger thana minimum
or maximumthreshold,respectively. In the former casethe numberof missing
neighborsarerandomlydistributedaroundsi , wherethe new surfelsinherit the
neighborsof si. A neighborupdateis then performedfor the new surfelsand
the neighborsof si asdescribedin Section6.6.1. If the numberof neighborsis
too large, thesurfel is deletedandremovedfrom all its neighbors.We make the
neighborthresholdsdependenton the radiusof a surfel. Assumethatall surfels
have thesameradiusrs andthatthesurfelsaredistributeduniformly, i.e., they lie
on ahexagonalgrid. Thenadistancebetweentwo neighborson thisgrid equalor
smallerthanrs guaranteesaholefreesurface.Wechoose6hS=rs astheminimum
thresholdand9hS=rs asthemaximumthreshold.

This resamplingschemeis alsousedto createan initial surfaceenclosingthe
particles,e.g.,whenusingasource.Initially, asurfelis createdateachparticlepo-
sition. Thesesurfelsareprojectedontotheimplicit surfaceby settingthesurface
constantskguide = 1 andkattract= ksmooth= 0. Performinga few stepsof surface
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Figure 6.7: A melting modelof Igeathat splits. The split partsaredetectedandcontact
handlingpreventsthemfrom mergingagain.So-calledzombiesurfelsareusedfor
interpolatingtheobjecttexture.

deformationwith resamplingyieldsoneor moreclosedsurfacecomponents.Fi-
nally, thesurfaceconstantsareresetto theuservalues,andapplyingthesurface
deformationschemeonceagainyieldsthe�nal surface.

6.6.4 Zombies
An advantageof having a point-sampledsurfaceis that every surfel carriesits
own informationaboutbothgeometryandtexture. During resampling,however,
this informationis distorteddueto themovementsandgeneration/deletionof sur-
fels. Applying the surfaceupdatedescribedin Section6.6.2 yields the correct
geometryinformation,however, the texture is distortedafter a resamplingstep.
To retainthe texture, the initial surfelsarecopiedandusedfor interpolatingthe
colorvalue.Becausethesecopiesarenotpartof thecurrentgeometrydescription,
they arecalledzombies(seealso[PKKG03]). Zombiesaredisplacedasdescribed
in Section6.6.2andprojectedontothenew surface.Thecolor of a surfel is then
approximatedfrom the neighboringzombiesaccordingto Equation(2.24). An
examplewherezombieshavebeenusedis shown in Figure6.7.

6.6.5 Topological Chang es
By recomputingtheneighborhoodandusingtheforcesandconstraintsdescribed
above, the surfaceimplicitly handlestopologicalchangessuchasdisjoint com-
ponentsandmerging (seeFigure6.8). The implicit constraintensuresthata (lo-
cally) stretchedsurfaceis alwayssplit evenif the implicit forceweight is chosen
to be small. Furthermore,two intersectingsurfacecomponentsaremergedau-
tomaticallyby recomputingthe surfel neighborhoodand the appliedforces. A
well known problemof handlingtopologicalchangesimplicitly is that two sur-
facecomponentswill blendratherthancollide, i.e., they aremergedbeforethey
intersectwhich resultsin considerableartifacts. We suggesta methodto detect
disjoint surfacecomponentssimilar to theblendinggraphdescribedby Desbrun
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split

merge

Figure 6.8: Top row: whena surfel is outsidetheminimal isovalueit is projectedonto it.
Flood �lling over all the surfelsresultsin the constructionof separatedcompo-
nents. Bottom row: merging is performedby detectingandremoving colliding
surfelsfrom differentcomponents.

andCani [DC95]. Thesecomponentsarethenhandledasseparatedobjects.We
show how intersectingseparatedobjectsaremerged.

Splitting

Todetecttwodisjointcomponentsof asurfaceafterhavingdeformedthesurface,a
�ood-�ll is performedoverall surfelsin therestrictedsurfelneighborhoodsSrest

i .
A neighborsj 2 Ssub

i is addedto Srest
i if the anglebetweenits normal and the

normalof si is smallerthanathreshold(wechoosep=4). Startingwith anarbitrary
surfel si, we addsi and the surfelsin Srest

i to a setSsep. The neighborsof the
restrictedneighborhoodof thesurfelsin Srest

i arethenaddedrecursively to Ssep,
until no neighborsareleft. This procedureis repeated(with new sets)aslong as
therearesurfelsthatdo not belongto a setyet. By taggingsurfelsthatbelongto
a setalready, the detectioncanbe donein linear time to the numberof surfels,
assumingaconstantmaximumnumberof neighbors.

After separatingthesurfels,theparticlesareassignedto theappropriatesetby
performinganinside/outsidetest,seeEquation(5.35).A particleis addedto aset
if it is insidethesurfacerepresentedby thesurfels.Eachsetthenbuildsaseparated
surfacecomponent.The surfel neighborsSi and the particleneighborsPi of a
surfel si are always computedfrom the surfel and particle set of its separated
component.

Merging

Whentwo disjoint componentsintersectthey eitherneedto bemergedor contact
handlinghasto separatethemasdescribedin Section5.8.For mergingwerequire
thatnot only thesurfacesintersect,but alsothatat leastoneparticleis insidethe
othersurface.Thisguaranteesthatthesurfacesaremergedsmoothly.

We �rst computea boundingbox for eachobjectsurfacepart (seeFigure6.8).
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6.6 Surface Animation

Figure 6.9: An elasticsolid is droppedonto a heatedbox andslowly melts to a viscous
�uid. 3:9k particles,56k surfels,25s=frame

From two intersectingboundingboxes,the colliding particlescanbe ef�ciently
computed(seeSection5.8.2).If a setof colliding particlesis found,thepenetrat-
ing surfelsarecomputedanddeletedbeforethetwo objectsaremerged.Thesur-
fel neighborhoodsarethenrecomputedandtheseparatedobjectsmergesmoothly
throughtheactingsurfaceforces.Notethatthiswayweavoid theunnaturalblend-
ing typically arisingwhenusingthe implicit function for merging, i.e., blending
of two separatedsurfacepartsbeforethey intersectis avoided.

6.6.6 Blending Between Solids and Fluids
Whereassolidsoftenhaveaverydetailedsurface,�uid surfacesareusuallyrather
smooth. The particlesaccountfor this by surfacetension(cohesion,seeSec-
tion 4.4.2). However, to smooththe surfacethis is not suf�cient. Assumewe
startwith a highly detailedsolid that melts. In this casewe expectthe detail to
disappear. On the otherhandif we freezea �uid, the existing detail shouldbe
preserved.

If weonly applythesurfeldisplacementaccordingto theparticles,all thedetail
is preserved,but if we additionallyupdatethe surfaceusingthe potential�elds,
thedetailvanishesandthesurfaceapproachestheimplicit surfacede�ned by the
particles.To geta smoothtransitionbetweensolidsand�uids, we performboth
approachesandblendbetweenthem.

Assumethat after particle animation,a surfel si is displacedto the position
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Figure 6.10: Pouringapure�uid into aglass.3k particles,3:4k surfels,1:4s=frame.

si . Let s0
i bethepositionsafterapplyingthesurfacedeformationforcesandcon-

straints.Wegettheblendedpositionsblend
i andnormalnblend

si
by simpleinterpola-

tion

sblend
i = (1� bi)xsi + bis0

i; (6.37)

nblend
si

=
(1� bi)nsi + bin0

si


 (1� bi)nsi + bin0

si




 : (6.38)

For meltingandfreezing,we usethe temperatureTsi asa blendingfactor(see
Section6.2.1).Thetemperatureof a surfel is approximatedfrom theneighboring
particles

Tsi =
1

å p j2P i
wpoly(si � p j ;hP ) å

p j2P i

wpoly(si � p j ;hP )Tp j : (6.39)

The normalizedtemperatureis thenusedasa transitionfactor, i.e., bi = (Tsi �
Tmin)=(Tmax� Tmin), whereTmax and Tmin are the temperaturethresholdsde-
scribedin Section6.2.1.

6.7 Results
We have testedour physicsframework andthesurfacegenerationon a varietyof
examplesthat demonstratemelting, freezingandthe differentelasto-plasticand
viscoelasticbehaviorsdependingon theparameters.

In the �rst examplewe have a pure�uid (no elasticforces)to testour surface
reconstruction.Our surfaceis able to handleall topologicalchangeslike split-
ting, merging, andself-intersectionsof the surface. Merging of disjoint surface
componentspreventsfrom blendingtwo componentsbeforethey intersect(see
Section6.6.5),resultingin lessartifactscomparedto implicit merging.

Two examplesof solidi�cation areshown in Figures6.1and6.11.In theformer
example,we show the �uid particlescreatedby a source. When the particles
get in contactwith the ground,their temperaturecoolsdown and they solidify.
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Figure 6.11: Freezinga quicksilver �uid that is pouredinto a glass. After removing the
glass,theelasticsolid bouncesontothegroundandfractures.2:4k particles,3:4k
surfels,2s=frame.

Thegroundhasa temperatureof 0� C andtheinitial particletemperatureis 20� C.
Heatdiffusionbetweenparticlesis kheat= 0:5 andbetweengroundandparticles
kheat

ext = 1. Theparticletemperaturelocally affectsthestiffness,plasticity, viscosity
and surfacetensionof the object as describedin Section6.5. Particleswith a
temperatureof 0� C, shown in blue,arecompletelysolid, whereasparticleswith
20� C, shown in red,arecompletely�uid (E = 0).

Figure6.11shows a quicksilver-like �uid (µ = 10kNs=m2) that is pouredinto
a glass.While it is �o wing thetemperatureis decreasedof all particleswithin 10
iterationsfrom Tmax to Tmin. Therefore,the �uid freezesto anelasticsolid with
stiffnessE = 500kN=m2. At thesametime we remove theglass.Thesolidi�ed
�uid elasticallybouncesontothegroundwhereit splits.

Threeexamplesdemonstratethe versatility of our framework for melting. In
Figure6.3, a solid deformablecubewith 143 particlesis droppedinto a heated
funnelwhereit melts.Whenit hits thecool groundit solidi�es again.Two simu-
lationswith differentplasticityareshown, wheretheplasticstrainep in thesim-
ulation shown on the left is twice asbig asin the oneshown on the right hand
side.Theimagesaretakenatcorrespondingtimesteps.Naturally, theobjectwith
higherplasticity �o ws fasterthroughthefunnel,whereasthecubeon theright is
morerigid andthereforetakeslongeruntil it melts.Thedifferentbehavior canalso
beseenoncethemeltedobjectsolidi�es againontheground.Theonewith higher
plasticitydistributesmore,whereastheoneon theright staysmorecompact.

In theexampleshown in Figure6.9,westartwith anelasticbustof theNefertitis
(57k surfels)which is droppedontoa heatedbox. Whena particlecollideswith
thebox, its temperatureincreasesanddiffusesto theotherparticles(kheat= 0:04,
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Figure 6.12: A meltingmodelof Max Planck�o ws througha funnel into theIgeacasting
mold. The meltingsurfaceis attractedby the mold by an externalsurfaceforce
�eld.

kheat
ext = 1). Themodel�rst bounceselasticallyandthenslowly meltsto a viscous

�uid (µ = 10kNs=m2). Note that thesurfacedetail is still preservedeventhough
large partsof the modelarealreadyliquid. The phasestateof the Nefertitis is
color codedfrom bluefor solid to redfor �uid.

In Figure6.4weshow anexamplewith anini-
tial surfacewith sharpedges.Theleft sideof the
cubeis heatedimmediately, with low heatdiffu-
sion. As expected,the edgesof the heatedpart
smoothout during melting, whereasthe edges
on the right handsidearepreserved. The cube
is sampledwith 153 particlesandthe initial sur-
facewith 3:9k surfels.Notethat therippling ar-
tifactsin thecubecomefrom thecoarseparticle
resolutionandtheregularparticlesampling(see
Figure6.4upperrow).

Threeviscoelastic�uids with different stiff-
nessE arecomparedin Figure6.13. 2.5k par-

ticles are sprayedon a glasswall with a rate of 3:5k particles=s and an initial
velocity of 2:5m=s. Theviscosityof the �uids is setto µ = 4kNs=m2. The �uid
on the left hasno restoringelastic forces, i.e., E = 0. The �uid splashesinto
many dropsanddropletsdueto thecollision with thewall. Thelargenumberof
dropletscausea high increasein surfacearea,resultingin up to 45k surfelsused
during the simulation. Nevertheless,it demonstratesthe stability of our surface
extractionmethod.For the �uid in the middle we choseYoung's modulusto be
E = 400kN=m2. The �uid doesnot splashanymorebut staysvery compactand
sticky. Finally, for thesimulationshown on theright wesetE = 900kN=m2. The
restoringelasticforcesarestrongenoughto make the�uid stiff. The�uid there-
fore folds therewhereit hits theboundary. After all �uid is out of thesource,it
elasticallydropsontotheground.

Our last examplesdemonstratethe versatility of our surface animationap-
proach. In theexampleshown in Figure6.7 theshockof hair of the Igeamodel
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6.7 Results

Figure 6.13: Comparisonof viscoelastic�uids. Left: purely viscous�uid (no restoring
elasticforces).Middle: �uid with medianstiffness.Right: stiff elastic�uid.
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Animation Particles/Surfels Physics Surface fps
Fluid 3k/3.4k 0.13s 1.3s 0.7

Freezing 2.4k/3.4k 0.4s 1.2s 0.5
Melting 3.9k/56k 3.1s 20s 0.03

Table 6.1: Averagetimingsfor thesequencesshown in Figures6.10,6.11and6.9,running
on a 3 GHz Pentium4 with a GeForce FX GPU. Timings are shown for one
physicsanimationstepandonesurfacedeformationiterationstep,followed by
theresultingframerate.

is �x ed initially. Dueto gravitation, partof themodelsplitsoff anddropsto the
plane.Theguidingconstraint(Section6.6.2)restrictsthedistanceof thesurfelsto
theparticles,thereforethesurfacealsosplitsnaturally. Thesplit surfacepartsare
detectedautomatically(Section6.6.5). Afterwards,theshockof hair is released.
Thetwo split surfacepartsaretreatedasseparateobjects.Thus,contacthandling
(Section5.8) preventsthe two partsfrom merging again. Note that the texture
of the model is preserved due to the interpolationof zombies(Section6.6.4).
Initially, theIgeamodelhas134ksurfels.This numberincreasesto 340ksurfels
during the animationdue to topologicalchanges.At the end of the animation
sequence,thenumberof surfelsis 165k.

Thesecondexampleshown in Figure6.12exploitsanexternalsurfaceforce.A
highly plasticmodelof Max Planckwith 53ksurfelsandsampledby 600particles
�o ws througha funnel into the Igeamodel (134k surfels). The Igeamodelde-
�nes anexternalsurfaceforce�eld thatattractsthesurfels(Section6.6.2).Thus,
the meltedMax Planck�lls the �ne surfacedetail of the Igeamold. At the end
the model is solidi�ed andexhibits realisticelasticbehavior whenit is dropped
ontotheground.Dueto theresampling(Section6.6.3),the�nal solidi�ed model
consistsof 115ksurfels.

The physicsanimationruns in interactive time for up to 3900 particles,see
Table6.1. The performanceof the surfacegenerationalgorithmdependson the
surfaceresolutionandthe surfel neighborhoodradiushS. For the �uid example
shown in Figure6.10 (averagenumberof 3.4k surfels)our algorithmneedson
average1:3 secondsperframe.For thesameexamplewith smallerneighborhood
(averagenumberof 1.2k surfels)theanimationrunswith 1:5 framespersecond.
We usea low resolutionsurfacefor interactive animationsandprototyping,and
increasethe resolutionfor making productionanimations. The picturesin this
chapterwerecreatedwith the open-sourcerendererPOV-Ray (http://www.
povray.org ), whichwe modi�ed for raytracingpoint-sampledobjects.
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6.8 Limitations & Future Work
Both your meshlessphysicsframework andthe point-basedmethodfor surface
extractionshowedto beversatileandenablethesimulationof viscoelasticmate-
rial aswell asmelting andsolidifying of objects. Nevertheless,therearemany
possibleimprovementsandopenproblemsfor futureresearch.

Usinga meshlessvolumerepresentation,therestshapecaneasilyadaptto the
deformedshapeasdiscussedin Section6.4.1,which highlightsoneof theadvan-
tagesof usingarepresentationwith noexplicit connectivity. However, adisadvan-
tageof this updateis that the original shapeinformationis lost, yielding plastic
deformations.Therefore,for strongernon-plasticdeformationsthis approachis
not suitable. Although it is possibleto changeat run time from a rigidly trans-
formedrestshapeto a restshapethat is deformedevery time stepandvice versa,
sofar we canonly useoneapproachfor thewholeobject. It is thereforedif�cult
to modelanobjectthat is elasticallydeformedat oneplaceandmeltsat another.
An approachcouldbeto computetheforcesfor boththerigid andthedeformable
restshape,andcomputea weightedaveragebetweenthemaccordingto particle
temperature(seeSection6.5). More advancedmethodsfor computinga suitable
restshapeneedto beexplored.

The heattransfermodelandespeciallythe changeof physicalparametersde-
pendingonthetemperatureis ratheradhocandnotaccordingto aphysicalmodel.
In thefuture,amoreaccuratemodelshouldbederivedfrom thephysicsliterature.
However, oncea suitablemodelhasbeenidenti�ed, it will beeasyto incorporate
it into this framework.

Although the point-basedsurfacemodel is very �e xible, thereare also sev-
eral disadvantagesof this representation.To representsmall dropsin a strongly
splashing�uid a prohibitive high numberof surfelswith small radii areneeded.
Insteadof usingthesamesurfelsizeseverywhere,thedensityof thesurfelscould
bechosendependingon whetherthey lie on a �at or on a highly curvedsurface.
A point-basedrepresentationis most suitablewherethe topology of the object
changesfrequently, otherwiseusinga meshrepresentationcanbeadvantageous.
An interestingdirectionfor future researchis thereforeto usea combinationof
both.Also therepresentationof sharpcreasesis moredif�cult with a point-based
representation.In Section5.5creasesandcornersarehandledby therendererus-
ing CSGbetweensurfels.This is moredif�cult to apply in this dynamicsurface
modelbecausesurfelschangetheir positionafterresampling.Surfelson anedge
would thereforenot beallowedto move,while new surfelsthatoverlaptheedge
alsohave to be clipped. Dependingon the melting stateandthe anglebetween
two correspondingsurfels,theedgewould �nally disappear.

Becausethe surfaceupdateis basedon an implicit model(Section6.6.2),the
surfaceis alwaysconsistentandintersectionfree. However, thesurfacedisplace-
mentapproachmight yield self-intersections.In this case,the blendedsurface
might have self-intersectionsas well. Generally, this hybrid implicit-explicit
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modelmight causeproblemsduringblendingif the topologyof the implicit and
explicit surfacearenot similar. A modelthatavoidsblendingall togetherwould
bedesirable.

Implicit blendingartifactsbetweentwo objectsthatcomecloseareavoidedby
separatingdisjoint surfacecomponentsand merging them explicitly when two
componentsintersect(Section6.6.5). However, theseartifactsstill occurwhen
surfacepartscomeclosethat have not beensplit. Similar to the surfaceconsis-
tency problemdescribedabove,detectionof self-intersectionswouldbenecessary
which is averydif�cult problem.

A well-known problemin SPHbasedanimationsis volumepreservation. Fur-
thermore,alsoour surfacegenerationapproachis not volumepreserving.This
could be improved by addingan additionalforce that lets the volumeshrink or
grow, similar to the volume preservation constraintsuggestedby Desbrunand
Cani[DC98].

So far we usea global terminationcriterion for the iterative integrationof the
surfaceforcesfor surfacedeformation(seeSection6.6.2).Becausetheforcesare
de�ned locally, ef�ciency couldbeimprovedsigni�cantly by computingandinte-
gratingtheforcesonly for surfelssi whosepositionchangedandfor theneighbors
of si .

6.9 Summar y
In this chaptera methodfor simulatingviscoelasticmaterialshasbeenderived
which provedto beversatileandstable.It enablesmodelinga varietyof materi-
als thatcouldnot besimulatedbefore,like elastic�uids, �uids thatsolidify, and
solidsthatmelt to splashing�uids. Melting andfreezingaremodeledby locally
changingthematerialparametersaccordingto theparticles'temperature.

Thepresentedhybrid implicit-explicit point-basedsurfacemodel�ts theneeds
to representboth highly detailedsolidsandsmooth�uids with rapidly changing
topology. Surfelsshowedto besuitableasan explicit representationbecauseno
meshneedsto bemaintained.

Exciting researchdirectionsare the derivation of a more accuratephysical
modelfor meltingandfreezing,andexploring a new surfacemodel.Thesurface
representationneedsto guaranteetemporalandtopologicalconsistency, while it
is alsosuitablefor modelingsharpfeaturesanddetailedgeometry. Furthermore,
both real-timeand high quality surfaceanimationshouldbe possiblewith the
samesurfacemodel,for instance,in aprogressivemannerusingamultiresolution
approach.
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Chapter 7

Implementation
In this chapteradiscussionandimplementationdetailsareprovidedof thesearch
datastructureswe useto speedupneighborqueries(Section7.1),andof thetime
integrationschemesappliedto solvetheequationsof motion(Section7.2).

7.1 Search Data Structures
The SmoothedParticle Hydrodynamicsmethod(Section2.3) aswell asopera-
tions de�ned on a point-basedsurfacerepresentation(Section2.5) aremeshless
methods. Both rely on local operatorsbasedon the spatialproximity between
points(particlesor surfels)insteadof thegeodesicproximity givenby themesh
(e.g. tetrahedraor triangles). Thus, performingrange queries(also called dis-
tancequeries), i.e., �nding all pointswithin a distanceh to a point x 2 R, is very
importantandin factmostoftentheperformancebottleneckof a simulation(see
Section4.7.1 for a discussionand timings). Searchingfor neighborswithin a
certaindistanceh sequentiallyneedstime O(n), wheren is the numberof data
points.Severaldatastructureshavebeenproposedto reducethis time. Examples
are(with increasingcomplexity) uniformgrids, hashgrids, octrees, kd-treesand
bsp-trees, andcombinationof differentdatastructures(seeSamet[Sam89,Sam05]
for a thoroughdiscussion).Thesedatastructuresdiffer in thecomputationalcom-
plexity for building or updatingit and performingrangequeries,as well as in
memoryconsumption.Non-hierarchicaldatastructuressuchasgridscanbebuild
andupdatedvery ef�ciently , whereashierarchicaldatastructuressuchasoctrees,
kd-treesandbd-treesareusuallymoreexpensive to build or change,but oftenal-
low fasterqueriesthangrids. However, the performancedependslargely on the
numberanddistributionof thedatapoints,aswell asthequeries.

We will next discussthe two searchdatastructuresthat areusedin this dis-
sertation,namelyhashgrids(Section7.1.1)andkd-trees(Section7.1.2).We then
comparethem and try to give a statementin what situationwhich searchdata
structureis preferable(Section7.1.3).

129



Chapter 7 Implementation

7.1.1 Hash Grid
A hashgrid canbeseenasa uniform grid, whereeachgrid cell (anaxis-aligned
box) is mappedonto a 1D hashtableindex. Given a 3D grid cell with size l , a
point x = [x;y;z]T is mappedontoanindex j asfollows

j = f (bx=lc;by=lc;bz=lc); (7.1)

where f is a hashfunctionandbcroundsthecoordinatesdown to integervalues.
Datapointsarestoredin thehashgrid by mappingthemonto j andstoringthem
in a hashtable in the bucket at index j. Note that building a hashtableis very
ef�cient: datapointscanbeinsertedin constanttimeO(1), resultingin abuilding
complexity of O(n) for n datapoints.

The mappinghasthe advantagecomparedto a uniform grid [Hec97] that the
hashgrid is de�ned over thewholespace.Themappingis non-injective,meaning
that differentgrid cells canbe mappedto the sameindex. Thus, the bigger the
tablesize(themorebuckets)the lesslikely it is that two or morecellsmaponto
the sameindex (this is calleda collision). Becausecollisionsdecreasethe com-
putationalperformance,a trade-off betweenthenumberof collisionsandmemory
management(especiallymemorycaching)dueto the sizeof the tablehasto be
made. Sinceonly cells containingat leastonedatapoint aremapped,the table
size is independentof the spatialsizeof the domainspannedby the datapoints
but dependsonly on thenumberof datapointsandthesizel of a grid cell. Best
performancesareachievedif thehashtablesizeis a primenumber[CLR90] and
signi�cantly largerthanthenumberof datapoints[THM + 03].

The numberof collisionsdependsbesidesthe numberof bucketsalsoon the
sizeof acell andthedistributionof thedatapoints.With biggercell size,i.e., less
cells,thechanceof acollisiondecreases,but at thesametimeacell containsmore
datapointsthataremappedto thesamebucketandneedto beprocessed.

A perfecthashtable thatguaranteesthat thereareno collisionshasbeenpre-
sentedrecentlyby Lefebvre andHoppe[LH06]. However, dueto the long com-
putationaltime neededfor building the hashtableit is not suitablefor dynamic
data.

In our implementationthehashfunctionof Teschneretal. [THM + 03] is used:

f (i; j;k) = (i � p1 xor j � p2 xor k� p3) mod m; (7.2)

wherep1 = 73856093,p2 = 19349663andp3 = 83492791arelargeprimenum-
bersand m is the hashtable size. Given a maximumquery distancehmax, we
choosethecell sizel to beat leasthmax. Thishastheadvantagethatfor any query
we needto searchonly the cell that containsthe querypoint and its 27 neigh-
boring cells. This canbe implementedvery ef�ciently . First, the querypoint is
mappedontoa bucket. For thedatapointsin this bucket andin theneighboring
cellsthatintersectthequeryball, thesquareddistanceto thequerypoint is tested
to �lter out datapointsthatarefurtheraway thanthequerydistanceh. Notethat
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thishasto bedoneevenfor cellsthatarecompletelyinsidethequeryball because
of possiblemappingcollisions.

Assumingthat thereareno collisions,the expectedtime complexity for such
a query is Q(q), whereq is the averagenumberof datapoints in a cell. If the
distribution of thedatapointsis aboutuniform, thenthetime complexity is even
constant.

7.1.2 k d-Tree

A kd-tree(shortfor k-dimensionaltree)is a specialcaseof a binaryspaceparti-
tioning tree(BSP-tree),originally developedfor indexing multi-dimensionaldata
point setsin higherdimensions[Ben75,FBF77,AM93]. The root cell (an axis-
alignedbox) containsthe whole spaceR3. In every level of the hierarchy, an
axis-alignedplanesplitsa cell into two sub-cells,wherethesplit axesarecycled
whenmoving down thetree.Theleafnodesarecalledbucketsandcontainat least
onedatapoint. Thus,theunionof all bucketsrepresentsthewholespace.

Becausethe positionof the splitting planecanbe chosenarbitrarily within a
cell, thekd-treecanpartitionthespacebetterthana (hash)grid or anoctree.This
is especiallyimportantif thedistribution of thedatapointsis very uneven. If the
split planeis chosensuchthat it goesthroughthemedianof thedatapointsof a
node,i.e., cuts theminto equalhalves,the tree is balancedandthushasheight
O(logn) with n thetotal numberof datapoints.Thetimecomplexity for building
thekd-treeis O(nlogn) andtakesO(kn) spacewith k thenumberof dimensions.
A point canbe insertedinto or deletedfrom a balancedkd-treein time O(logn),
however, ef�cient rebalancingthekd-treeafterwardsis anotoriouslydif�cult task.

For rangequeriesof a point x 2 R3, thetreeis traversedfrom theroot until the
bucketcontainingx is found,wherecellscanbediscardedif they do not intersect
thequeryball. Thedistanceof acell to thequerypointcanbeef�ciently computed
using an incrementalupdatewhile traversingdown the tree as shown by Arya
andMount [AM93]. Froma leaf node,thedatapointswithin thequeryball are
determinedby backtrackingtowardstheroot. Finding the leaf nodecanbedone
in O(logn), whereasthetime for backtrackingis on averageroughlyproportional
to the number j of found datapoints, yielding an averagetime complexity of
Q( j + logn) (seeChancy et al. [CDZC01] for a carefulanalysis).Theworsttime
querycomplexity is O(n1� 1=k + j), seee.g.LeeandWong[LW77].

We usea kd-treesimilar to [Mou05], wherewe build the kd-treewith a top-
down approachusingtheSliding-Midpointrule [AF00] andstorethedatapoints
only in the leaf nodes. Detailsandan analysisof your implementationcan be
foundin [Kei03].
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7.1.3 Discussion
As alreadydiscussedabove, thechoiceof thebestsearchdatastructuredepends
on the queryandthe size,distribution anddynamicsof the data. A hashgrid is
build in linear time, andthereforefasterthanbuilding a kd-treewhich takestime
O(nlogn). Furthermore,updating(inserting,deletingor moving a datapoint) of
hashgridsis usuallyfast,whereasrebuilding akd-treefrom scratchis oftenfaster
than updatingit [Rob81]. Thus, it is often proposedto usea kd-treefor static
dataand a hashgrid if the datachangesdynamically. However, a kd-treehas
many advantageseven in the dynamiccase.Generally, a queryis fasterusinga
kd-tree. In our experimentsa kd-treequery in 3D clearly outperformsthe hash
grid with large numberof datapoints. We assumethat this is becausethe hash
grid cannotpro�t asmuchfrom cachememoryanymoreaswith fewerdatapoints.
Furthermore,with largerdatasetsandmany queries,thetimefor queryingis much
higherthanbuilding thekd-tree,thusrenderingthebuilding time insigni�cant as
shown in ourexperimentsdescribedin Section4.7.Anotheradvantageof kd-trees
is thatwedonothaveto know thequerydistancewhenbuilding thedatastructure.
Evenmoreimportant,arbitraryquerydistancescanbeusedas,for instance,in our
multiresolutionframework (Chapter4). Rememberthat for thehashgrid thecell
sizeis setequalto thelargestquerydistance,thusdecreasingtheperformancefor
querieswith a muchsmallerdistance.Finally, a kd-treecanbeusedfor j nearest
neighborquerieswith thesametime complexity asfor rangequeries.Especially,
akd-treeis veryef�cient in �nding theclosestneighborto apoint.

Thus,we canstatethata hashgrid shouldbeusedfor interactive applications,
wherethenumberof datapointsandqueriesis small(a few thousands)andthere-
forethecostsfor building thedatastructurematters.Furthermore,hashgridshave
theadvantagethat they canbeimplementedexploiting hardware(see[Sig06] for
a descriptionof a two-layeredhashgrid implementedon theGPU).However, the
sizeof thehashgrid is restrictedto �t into memory. For largerdatasetsandmany
queries,we recommendto useakd-treebecausethebuilding time is insigni�cant
comparedto thetime neededfor queries.Sofar, we do not know any implemen-
tationof kd-treesexploiting hardware.

7.2 Time Integration
To computetheposition,velocityandotherpropertiesof theparticlesandsurface
at a certainpoint in time,we needto integratetheequationof motionin time. As
alreadydiscussedin Section2.1.1,thisequationcanberewritten asa coupledset
of two �rst orderequations

�p = v; (7.3)
�v = f (v;p;t); (7.4)
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wherep is thepositionof aparticle,v its velocity, and f () ageneralfunctiongiven
by thephysicalmodel.

Variousmethodsexists for numericaltime integration,see[HES03] for a nice
overview in thecontext of deformablemodelingin computergraphics.Generally,
the techniquesare classi�ed eitherasexplicit or implicit integrationdepending
on whetherthe unknown quantitiesare computedconsideringthe currentstate
only, or whetherthey areimplicitly givenasthesolutionof asystemof equations
involving boththecurrentstateandtheunknown stateof thesystem,respectively.
While explicit methodsareeasyto implementandfastto compute,they areonly
conditionallystabledependingon thechosentime stepDt. Furthermore,explicit
integrationis only convergentif thetimestepful�lls theCourant-Friedrichs-Lewy
(CFL) condition[CFL28]. On the otherhand,implicit time integrationis stable
for arbitrarytime steps,but it requiressolving an algebraicsystemthat is often
non-linear. Furthermore,time stepsthat are too big yield overdampingof the
system.

7.2.1 Leapfr og Integration
We foundtheleapfrogscheme[FLS63] to bethemostattractive explicit integra-
tion schemedueto its simplicity andsecond-orderaccuracy. In this schemethe
velocitiesareevaluatedat the midpoint of the time intervals, thusthey arestag-
geredwith respectto thepositions

vi(t +
1
2

Dt)  vi(t �
1
2

Dt) + Dt
f i(t)
mi

; (7.5)

pi(t + Dt)  pi(t) + Dtvi(t +
1
2

Dt); (7.6)

wherevi(t) is the velocity of a particle pi at time t, pi(t) its position, f i(t) the
total force actingon pi , andmi its mass. This integrationschemeis assimple
asthe�rst-order accurateexplicit Euler integration,but is second-orderaccurate.
Furthermore,it hasthe very nice propertythat it is symmetricandthustime re-
versible [McM06], i.e., we canfollow thetrajectoryof a particlebackin time as
follows

vi(t �
1
2

Dt)  vi(t +
1
2

Dt) � Dt
f i(t)
mi

; (7.7)

pi(t � Dt)  pi(t) � Dtvi(t �
1
2

Dt): (7.8)

This backtrackingis precise,i.e., if a particlestartsat a point and is integrated
n time stepsforwardandthenn time stepsbackward in time, theparticlearrives
exactly at the startingpoint. Note that this is not the casefor other integration
schemessuchasexplicit Euler, midpointor fourth-orderRunge-Kuttaintegration.
Time reversibility is importantin physicsbecauseonly thenconservationof en-
ergy andmomentumis guaranteed.But also in computergraphicsthis is very
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usefulasit allows to startat anarbitrarypoint in time andthencomputethesim-
ulation forward and backward. For instance,a designercan �rst manuallyset
up thedesiredstateof a systemsuchasa breakingwave, or usea time reversed
�uid animationthat �o ws up a stair to controlanother�uid simulationasshown
in [TKPR06]. A drawbackof theleapfrogtechniqueis that thevelocity at time t
is notgivenexplicitly. Whereneededwecomputeit astheaverageof theprevious
andfollowing velocity

v(t) =
1
2

�
vi(t �

1
2

Dt) + vi(t +
1
2

Dt)
�

: (7.9)

Furthermore,anadditionalcomputationstepis neededto computethe initial ve-
locity vi( 1

2Dt), for instance,usingexplicit Eulerintegration.

7.2.2 Discussion
For simulatingdeformablebodieswe implementedbothanexplicit (leapfrog, see
above) andimplicit (implicit Euler, see[MKN + 04]) time steppingscheme.Al-
thoughlarger time stepscan be usedfor implicit time integration, solving the
linearizedequationsystemshowedto bemoreexpensive thenperformingseveral
iterationsof explicit integrationwith a smallertime step. Furthermore,smaller
timestepsareadvantageousfor contacthandlingdueto smallerpenetrations.Be-
causeof the big time stepswe use,implicit integrationtendsto smoothout �ne
scalewobblingof softmaterial,which,however, is advantageouswhensimulating
stiff objects.In oursystem,wherewecombine�uids andelasticsolids,theexplicit
leapfrogschemegivesagoodtrade-off betweenstability, ef�ciency anddamping.
However, choosingthe right integrationschemeandtime stepsis extremelyim-
portantfor thestabilityandaccuracy of asimulationasdemonstratedby Hauthet
al. [HES03]. They presenta simplevariantof Newton's methodcoinedinexact
Newton'smethod[Rhe98]for ef�ciently solvingnon-linearequationsystems,and
usethenumberof Newton iterationsto adaptthetime step.Recently, Kharevych
etal. [KYT + 06] proposedgeometric,variationalintegratorsof arbitraryaccuracy-
orderthat areef�cient andpreserve momentumandenergy. In future work, we
want to experimentwith differentexplicit andimplicit time integrationschemes
andcomparetheir accuracy to a referencesolution. Furthermore,adaptive time
steppingcould yield signi�cant speedups.Additionally, time stepscanalsobe
adaptedto theresolutionto evenfurtherimprove theperformanceof multiresolu-
tion simulations,asshown by DesbrunandCani[DC99].
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Conc lusion
Thischapterconcludesthedissertationwith asummaryof themaincontributions
andachieved results,a discussionof the advantagesanddrawbacksof the pre-
sentedapproaches,andpossibledirectionsfor futureresearch.

8.1 Summar y
Theobjective of this dissertationis to exploremeshlessLagrangianmethodsfor
physics-basedanimationof �uids andsolidsandsimulatingtheir interactions,and
theuseof point-basedsurfacerepresentationsin thiscontext.

SmoothedParticleHydrodynamicshasbeenusedasanumericalapproximation
methodfor solvingtheNewtonianequationsof motionfor �uids anddeformable
solids.New contributionsto thecomputergraphicscommunityin thiscontext are:

� a particle-basedmultiphaseapproachfor two-way couplingof immiscible
�uids of arbitrarydensity. Fluidsareseparatedby modeling cohesionasa
pressure jump at the interface.We exploit this approachto simulatecou-
pling betweenwaterandair, includingtheanimationof bubblesastrapped
air.

� aderivation of elasticforcesfrom amodelbasedoncontinuummechanics.
A �rst orderapproximationof thedisplacement�eld is computedusingthe
moving least-squaresapproach.Thisresultsin stableanimationsof deform-
ing elasto-plasticobjectsthatareinvariantunderrigid bodymotionandrun
at interactive ratesfor modelswith moderatecomplexity.

� Application of the transparency methodto model discontinuities in the
smooth shapefunctions. This enablesthe simulationof discontinuities
in thephyiscaldomainintroducedby fracturesurfaces.Fracturingof both
brittle andductilematerialhasbeenachieved,aswell ascontrolledfracture.

� a multir esolution method basedon the conceptof virtual particles to
achieve consistentcouplingbetweendifferentresolutionlevels andto dy-
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namicallyadaptthe resolutionto the simulationcharacteristics.This ap-
proachproved to be stableand hasvery little computationand memory
overhead.For our �uid simulations,aperformancegainupto afactorof six
hasbeenachieved. Similarly, the discretizationof the physicaldomainis
adaptedto handlefracturingandlargedeformationsof deformableobjects.

� enhancing�uids with elasticforcesto simulateviscoelasticmaterials.By
introducinganadaptive restshapethat is usedto computerestoringelastic
forces,materialsin therangeof stiff elasticto elasto-plasticandviscoelas-
tic canbesimulated.Furthermore,meltingandfreezingeffectshave been
achievedby locally adaptingthematerialproperties.

� solid-�uid interaction basedon a uni�ed particle metaphor. Solidsare
treatedas(rigid) �uids, i.e., thesameforcesasfor multiphase�uids areap-
plied to solid particles.Additionally, collision handlingbetweenrigid bod-
iesis basedonforcesderivedfrom moleculardynamics,whichactbetween
particlesof differentobjects.Thus,interactionhandlingbetweensolidsand
�uids is purelyparticle-basedwithoutconsideringthesurface,yieldingsta-
ble andfastsimulations.

A surfacesampledwith orientedpoint samples(surfels)hasbeenusedto ani-
mateanddeformtheboundaryof deformingobjectsand�uids. New contributions
in thecontext of surfacemodelingfor animationsare:

� afr ee-form deformation approachfor advectinganembeddedsurfacewith
theparticles.A �rst orderapproximationof thedisplacement�eld from the
neighboringparticlesis computedat thesurfelpositionsto determinetheir
displacementfrom therestshape.This approachis suitablefor fastdefor-
mationsof geometricallydetailedsurfacesthatdo not undergo topological
changes.

� surfel splitting for ef�ciently adaptingthesurfacesamplingtoavoid surface
distortionsfor largedeformations.

� a contact handling schemefor deformingobjectsthatdecouplescollision
detectionanddeformation.A non-penetratingcontactsurfaceis computed
from thedetectedcolliding surfelsandsampledwith contactnodes.Penalty
forcesarethencomputedfor eachcontactnodeanddistributedto thepar-
ticles. This decouplingof surfacecollision detectionandvolumetricdefor-
mationsresultsin ef�cient andstablecontacthandling.

� a crack model for generatingfracturesurfacesandhandlingof topological
events.Propagatingcracksaredynamicallysampledby addingsurfels.Ter-
mination,splitting andmerging of cracksaredetectedandhandled.With
our simplescheme,complex crackpatternsanddetailedfracturesurfaces
canbeachieved.

� the derivation of potential �elds to dynamicallyadaptthe surfaceto the
physicscharacteristics.Forcesactingon thesurfelsarecomputedfrom the
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potential�elds that guidethe surfacedeformationandenablethe implicit
handlingof topologicalchanges.Smoothnessanddistanceof the surface
to the particlescanbe controlledby the user. This approachyields stable
surfaceanimationsfor bothdeformableobjectswith geometricallydetailed
surfaces,andobjectanimationswith smoothsurfacesandrapidtopological
changessuchassplashing�uids. Furthermore,it enablesthe(local) transi-
tion from detailedsolid surfacesto smooth�uid surfaceswhile melting.

� surfacetexture preservation for extremedeformationsandmeltingby ad-
vecting the texture information. Copiesof the original surfels,so-called
zombies,are animatedbut not resampled.Texture and other appearance
informationof thenew surfaceareapproximatedfrom thezombies.

8.2 Discussion
Duringourresearchwith SmoothedParticleHydrodynamicsandpoint-basedrep-
resentationswehavebecomeacquaintedwith theadvantages,drawbacksandlim-
itationsof thesemeshlessapproachesin thecontext of physics-basedanimations.
Generally, wecanstatethatmeshlessmethodsareveryversatileandmostsuitable
for animationswith strongdeformationsor topologicalchanges.By combining
particle-basedmethodsfor volumesimulationanda point-sampledsurface,new
effectscanbeachievedsuchasthemeltingof solid objectswith texturedandge-
ometricallydetailedsurfacesto �uids. We will next discussour �ndings for SPH
andpoint-basedrepresentationsin moredetail.

8.2.1 Smoothed Partic le Hydr odynamics
Thestrengthof meshlessmethods(MMs) is their adaptivity. Theappliednumer-
ical methodsto solve thePDEsdo not dependon thedistributionof interpolation
nodesandtheir connectivity. This makesMMs especiallysuitablefor strongde-
formationsandtopologicalchanges.Furthermore,the volumeis discretizedby
simplesamplingthe domain,whereasmeshgenerationfor the domainis prob-
lematicfor bothEulerianandmesh-basedLagrangianmethods.In theformerthe
meshhasto align with complex deformableboundaries,whereasin mesh-based
LagrangianmethodssuchasFEM the treatmentof large deformationsrequires
specialremeshingtechniquesthataretediousandtimeconsuming.Theadaptivity
of theshapefunctionsof MMs to thedistributionof theinterpolationpointscomes
at the price of highercomputationalcostsfor computingthem. MMs that solve
thePDEsin thestrongform(suchascollocationmethods)havetheadvantagethat
they aresimpleto implementandef�cient. However, they areoften lessstable
andlessaccuratethanweakformmethods(suchastheGalerkinmethod[LM54]),
especiallywhendealingwith Neumannboundaryconditions.
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SPHis asimpleandef�cient meshlesscollocationmethod.UnlikeotherMMs,
theparticlesarenot justusedasinterpolationpointsbut carrymaterialproperties,
thusSPHcombinestheadvantagesof meshlessandLagrangianmethods.There-
fore, materialquantitiessuchasmassareguaranteedto bepreserved,in contrast
to Eulerianmethodswheremassdissipationis a commonproblem.Furthermore,
materialpropertiescan changeas a function of time, positionand neighboring
particles,which canbeused,for instance,to visualizethemixtureof two differ-
ently colored�uids, or to simulatelocal melting and freezingasshown in this
dissertation.Interactingwith particlesis very simplebecauseexternalforcescan
beapplieddirectly ontotheparticles.Furthermore,particlesaresuitablefor con-
trolling simulationsaswe have shown in [TKPR06], andhardconstraintscanbe
easilyenforcedby simply displacingparticles,which is oftenusefulin computer
graphicsapplications.

We foundthatparticle-basedmethodsarevery suitablefor dynamicallyadapt-
ing theparticleresolution.Generatingnew particlesor merging particlesis sim-
ple, andshapefunctionsautomaticallyadaptto thechangedsampling.Similarly,
discontinuitiesin the physicaldomaincanbe easily introducedwith no needto
align thediscontinuitiesto ameshor to remeshthedomain.

A major advantageof SPHis that differentiatingthe �eld functionsis simply
doneby differentiatingthe smoothingkernel,thus,no equationsystemneedsto
besolved.Hence,thegradienttermsof PDEscanbewritten in termsof theprop-
ertiesof the particles. However, the simplicity of SPHcomesat the price that
theapproximationdoesnot ful�ll thepartition of unity property. This makesnu-
mericalanalysisof themethodverychallenging.Sofar, accuracy andconvergence
propertiesof theSPHmethodare,to thebestof ourknowledge,only donefor uni-
formly distributedparticlesor for certainidealizedscenarios,andoftenonly for
one-dimensionalcases[Mon82,SHA95,MV96]. GingoldandMonaghan[GM78]
statethattheaccuracy of SPHis in practicemuchbetterthanpredictedfrom inter-
polationerrorsdueto theenergy preservingpropertiesof theequationof motion.
However, it seemshardto arguewhy SPHactuallyworksthatwell. Othermeth-
ods that are at leastzerothorderconsistent,suchas the Moving Least-Squares
ParticleHydrodynamicsmethod,have thedisadvantagethatconservationof mo-
mentumis not preservedandthey areconsiderablyslower thanthestandardSPH
method[Mon05].

Theparticlede�ciency andtensileinstabilityproblemdiscussedin Section2.3.1
is a directconsequenceof not having a partitionof unity. We could improve this
by mirroringparticlesat theboundarythatarethenusedasghostparticlesfor the
�eld function computations.However, this is only applicableif the boundaryis
simple,andis especiallydif�cult to applyat theinterface.

Oneof the majordif�culties we facedwith the SPHmethodis dueto the ap-
proximationof incompressibility. Pressureforcesareappliedthat repelparticles
to achieve a desiredrestdensity(seeSection4.3). Theseforcescanbe seenas
springswith differentrestlengths.Thus,we getthewell known oscillationprob-
lemsaroundtherestposition.By makingthespringstiffer (higherkgas) the �uid
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is lesscompressiblebut requiressmallertime steps. This is a problemin com-
puter graphicswhereoften big time stepsare usedand stability is a major re-
quirement. If we reducethe spring stiffness,the oscillationsare visually very
disturbing.However, makingthevelocity �eld divergencefreerequiressolvinga
globallinearsystem,which is quiteexpensiveandwe loosethenicepropertythat
all computationsareperformedlocally.

A relatedproblemis thatthesimulated�uids appearquiteviscous.This is due
to the slow propagationof a local changein the particlepositionsto the restof
the �uid. We believe that enforcingincompressibilityyields lessviscous�uids
becausea local changewould resultin animmediateglobaladaptionof theparti-
cles.

Eulerian�uid simulationin combinationwith (particle) level setsarecapable
to simulatesmooth,thin watersheetsdueto the smoothinginherentin the level
setmethod.Particlesalign naturallyin a hexagonalgrid to minimizetheinternal
energy. To counteractthis at the interface,surfacetensionforcesareappliedfor
particlescloseto the interface. However, thesesurfacetensionforcestend to
clustersmallgroupsof particlesratherthanaligningthemin a sheet.This makes
it veryhardto modelthin watersheets.

To conclude,SPHis dueto its adaptive natureespeciallysuitedfor strongde-
formationsandtopologicalchangeswherethe spatialdiscretizationneedsto be
adapted,or whendiscontinuitiesare introducedinto the domain. Furthermore,
we believe that dueto its versatility, the SPHmethodis suitablefor combining
solid and�uid animationsfor simulatingtheir interactionincluding melting and
freezing.As discussedabove,thereareseveralproblemsthathave to besolvedso
thatSPH�uid simulationcancompetewith stateof theart �uid solver. However,
SPHis a comparablynew techniquethatgainedincreasingattentionrecently, es-
peciallyalsoin theCFDcommunity. Thus,wearecon�dent thattheSPHmethod
will emergeasaninterestingparticle-basedalternativeto standardtechniquessuch
astheFiniteDifferenceandFiniteElementmethodsfor solidand�uid simulation.

8.2.2 Point-based Representation
In thisdissertationapoint-basedrepresentationhasbeenusedfor animatingasur-
facethat is embeddedinto the particles. This yields similar advantagesaswith
particle-basedvolumetricrepresentations,namelythatthesurfacepoints(surfels)
canbemovedor resampledwithoutremeshing.However, onehasto beawarethat
volumetricremeshing,e.g.,of tetrahedra,is muchmoreinvolvedthanremeshing
of asurface.Especially, distortedvolumetricmeshescanresultin drasticdegrada-
tion of accuracy or evenendthecomputationaltogether, whereasbadaspectratio
surfacetrianglesarenot very problematicfor rendering.However, in casewhere
thesurfacechangesits topologyfrequently, maintainingthemeshconnectivity is
a computationalburdenthat canbe avoidedby usinga point-basedrepresenta-
tion. Anotheradvantageof our point-basedrepresentationis the underlyingim-

139



Chapter 8 Conclusion

plicit surfacede�nition thatgivesaccessto ef�cient inside/outsidetests,distance
to surfacecomputationsandprojectionof points.A majordisadvantageof point-
sampledsurfacesis that sharpfeatureshave to be modeledexplicitly. However,
this canbedoneef�ciently at rendertime asdiscussedin Section5.6.3.

A problemof our resamplingalgorithm is that thereis no guaranteethat the
whole surfaceis coveredwith surfels. Thus,the numberof iterationswherethe
surfaceforcesareappliedhastobechosenconservatively. Furthermore,for highly
splashing�uids thenumberof surfelsincreasesdrastically, whichslowsdown the
surfaceanimation.

Weshowedthatpoint-sampledsurfacesaresuitablefor combiningthemodeling
of surfaceswith geometricdetailsandimplicit handlingof topologicalchanges.
This is achievedby blendingbetweenthedetailedexplicit representationandthe
implicit representationde�ned by theparticlesaccordingto a scalarvalue. This
works well becausethis valuealsoindicatesif topologicalchangesarelikely to
occur. However, aslong asthe surfacedoesnot fully correspondto the implicit
representationaconsistentsurfacewithoutself-intersectionsis notguaranteed.

To conclude,surfelsarea versatilesurfaceprimitive suitablefor embeddinga
surfaceinto thevolumetricparticles.Thismeshlessrepresentationis veryef�cient
for stronglydeformingsurfacesor surfacesthatchangetheir topologyfrequently
during a simulationbecauseno meshneedsto be maintained.The combination
of explicit andimplicit representationof thesurfacede�ned by thesurfelsis very
powerful, andcanbe further extendedto adaptto the isosurfacede�ned by the
underlyingparticles.

8.3 Future Work
Researchof physics-basedmeshlessLagrangiananimation,whereboth the vol-
umeandthesurfacearepoint-based,hasonly juststarted.Thus,many openprob-
lemsremainin this interestingarea.

As discussedabove, one of the major shortcomingsof SPH is its approxi-
mation of incompressibility. For strictly enforcingincompressibility, and thus
guaranteeinga divergencefreevelocity �eld, a Poissonequationfor thepressure
hasto be solved. Approachesexist to solve this equationdirectly on the parti-
cles[KTO96,CEL06]. This yields a n� n sparselinear equationsystemwith n
the numberof particles. Thus,with hundredsof thousandsof particles,solving
this systembecomesintractable.Anotherpossibility is to usea similar approach
to the Fluid-Implicit-Particle (FLIP) method[BR86,ZB05], wherea staggered
(MAC) mesh(or grid) is usedfor pressureprojection. The facevelocitiesare
approximatedfrom theparticlevelocities,for instance,usingMLS. Thenew ve-
locity is thencomputed,andthe differencebetweenthe new andold velocity is
interpolatedbackontotheparticles.Usingameshhastheadvantagethatthegrid
resolutionis independentof theparticleresolution.Becausethemeshis only used
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to computea divergencefreevelocity �eld, a differentmeshcanbeusedin every
time step. Similar to Klingner et al. [KFCO06], an unstructuredmeshcould be
usedthat aligns to the boundary, wherethe resolutionof the meshcould adapt
to the particles. Furthermore,eachseparated�uid part canbe handledindepen-
dently, thuskeepingtheadvantagethatthesimulationis not restrictedto acertain
areain space.

For computingaccuratesolutionswith SPH,suf�cient overlapof thesmoothed
particlesmustbe guaranteed.Furthermore,the approximationof �eld functions
is sensitiveto particledisorder, especiallyfor higherderivatives.To remedythese
problems,Chaniotiset al. [CPK02] suggestto reinitialize the particle locations
periodicallyontoauniformgrid by interpolatingtheparticlepropertiesusinghigh
orderinterpolationkernelsthat conserve the total momentum.However, the re-
samplingintroducesnumericalerrorsandextradiffusionthatcanbequitelargeas
pointedout by theauthors.Nevertheless,this approachcouldbe interesting,for
instance,in connectionwith solvingfor incompressibilityasdescribedbefore.

Weuseatwo-passalgorithmfor computingtheSPHforces.First,thedensityis
computed(Equation(4.5)),which is thenusedto approximatethe�eld variables.
This requiresstoringtheneighborsof a particles,which canbecomea bottleneck
with large numberof particles. SPHforcescanbe computedtogetherwith the
densityif thecontinuityequation(Equation(4.2)) is solveddirectly, however, in
our experimentsthis yieldedinstabilitiesdueto thelargetime stepsthatareused
for ouranimations.Thus,wewantto look for differentapproachesto computethe
density.

Besidesthesurface,thebottleneckof ourphysicssimulationfor largenumbers
of particlesis theneighborhoodcomputations.Therefore,new searchdatastruc-
turesandneighborcachingschemesneedto bedevelopedthatexploit thetemporal
coherenceof neighborhoods.

Becauseall computationsin theSPHmethodarelocal, they canbeeasilypar-
allelizedon a cluster[GJ01] or the GPU [HCM06], including the neighborhood
queries.For parallelcomputations,a one-passSPHalgorithmwould yield even
strongerperformancegainsthanfor theCPU.

Thetwo-waycouplingbetweenair andwaterparticlesdescribedin Section4.4
requiresabandof airparticlessampledaroundthewaterinterface.Thisdrastically
increasesthe numberof particlesthat have to be animated,especiallybecause
theseparticlesareall on thehighestresolution. Insteadof a full simulation,the
air particlescould be simply advected.However, ensuringa suf�cient sampling
aroundthe interfacewithout introducinga discontinuityin thesurfacecomputa-
tion dueto changesin the color �eld is challenging. Furthermore,a consistent
transitionfrom advectedair to simulatedbubblesis needed.

Thebottleneckin thesurfaceanimationis therepulsionandresamplingscheme,
which is appliedto ensurea hole freesurfaceanda locally uniform distribution.
An improved samplingschemewould changethe particle position only where
necessaryandcanguaranteeaholefreesurfacesampling.

A problemof theimplicit surfacede�nition from theparticles(Section2.5.1)is
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thattheappliedEuclidiandistancefunctionis notadaptedto topology, whichcan
resultin abadapproximationof thepoint-sampledsurfacewith evenwrongtopol-
ogy. To prevent this, thegeodesicdistanceof theneighborshasto beconsidered
insteadof theEuclidiandistance.Klein andZachmann[KZ04] build a proximity
neighborgrapheitherfrom a Delaunayor sphere-of-in�uencegraph. Ef�ciently
maintainingthisgraphduringasimulationis aninterestingtaskfor futurework.

Detectionof self-intersectionsfor deformingobjectsis a hard problem, es-
pecially for point-sampledsurfacesbecausethe surfels overlap by de�nition.
Image-basedtechniqueshave been used to detect self-collisions of triangle
meshes[BW02,HTG04]. Similarly, image-basedmethodsin combinationwith
splattingon theGPUmightbeexploitedfor ourpurposes.

As alreadydiscussedin theintroduction,in computergraphicsit is oftenmore
importantthatananimationlooksrealisticthanthatit is physicallyaccurate.Thus,
webelievethatuserstudiesareneededto �nd outwhenananimationlooksrealis-
tic andwherethede�cienciesare.Furthermore,animationareoftenonly usefulif
they canbecontrolledby thedesigner. For instancein �uid animations,shemight
want to control the �uid �o w, positionand strengthof vortices,the amountof
splashes,theinteractionwith objects,the"�uid shape",bubbles,hardconstraints
for wherethe �uid (includingsplashes)is allowedto enter, andsoon. Thecon-
trol can take placeon differentscales. For instance,the usermight only want
to control the �uid �o w on a low scaleandpreserve the �ne scaledetail, or she
might want to changethe high frequency behavior of the �uid to generatemore
splashes.In [TKPR06] we have shown that particlesaresuitablefor thesekind
of controls,in the future we want to explore additionalcontrol possibilities. To
make control moreintuitive, sketch-basedtechniquescould be applied. Sketch-
basedinterfaceshavealreadybeenappliedsuccessfullyfor free-formshapemod-
eling [IMT99, KH02,DE03,NSACO05,KH06]. Similarly, a simulationcouldbe
designedandcontrolledwith simpleandintuitivedrawing operations.
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