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Abstract
We presentef�cient data structuresand caching schemesto accelerate ray-surfaceintersectionsfor deforming
point-sampledsurfaces.By exploiting spatial and temporal coherenceof the deformationduring the animation,
weareableto improverenderingperformancebya factorof two to threecomparedto existingtechniques.
Startingfroma tight boundingspherehierarchyfor theundeformedobject,weusea lazyupdatingschemeto adapt
the hierarchy to the deformedsurfacein each animationstep.In addition,we achieve a signi�cant speedupfor
ray-surfaceintersectionsby caching per-ray intersectionpoints.We alsopresenta techniquefor renderingsharp
edgesandcorners in point-sampledmodelsby introducinga novel surfaceclippingalgorithm.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationalGeome-
try andObjectModeling–SurfaceRepresentationsI.3.7 [ComputerGraphics]:Three-DimensionalGraphicsand
Realism–Raytracing

1. Intr oduction

Point-basedsurface representationshave recently become
popular in computer graphics and geometric modeling
[AGP� 04]. As an alternative to traditionalsurfacemodels,
suchassplinepatchesor polygonalmeshes,they allow for
simple and ef�cient dynamic re-samplingdue to minimal
consistency requirements[PKKG03]. At thesametime,their
explicit naturesupportshighly detailedsurfaces,which is
crucial for realistic computeranimationsin feature �lms
andgames.Thesetwo propertiesmake point-basedsurface
representationsparticularlysuitablefor animatingcomplex
deformableobjects,as has recentlybeendemonstratedin
[MKN � 04], [CZ04], and[PPG04].

To visualize point-sampledsurfaces, splat-basedap-
proacheshave beenmostpopular, e.g.,[RL00], [ZPvG01].
However, as has been shown in [AAN05], splatting re-
sultsin poor imagequality undermagni�cation.Moreover,
splatting-basedrenderingalgorithms typically do not ac-
countfor secondaryeffectssuchasshadows or re�ections,
which greatly enhancethe realism of an animation.Ray-
tracing,on theotherhand,naturallyincorporatesthesesec-
ondaryrenderingeffects.Variousauthorshaveproposedray-
tracing schemesfor static point-sampledsurfaces([SJ00],
[AA03a], [AA03b], [WS03]) using static data structures,
suchaskd-trees,octrees,or boundingspherehierarchiesto

improve the performanceof ray-surfaceintersectioncalcu-
lations.

In this paperwe proposea new raytracingalgorithmfor
renderingdeforming point-sampledsurfaces,and address
thechallengesthatarisewhenbalancingtheef�ciency of dy-
namicupdatesvs. spatialquerieson thedatastructureused
to acceleratetheintersectiontests.

We assumea reduceddeformationmodel,wherethedis-
placementof the objectsurfacecanbe expressedwith sig-
ni�cantly fewer parametersthan the numberof degreesof
freedomof thesurfaceitself. A typical exampleis the free-
form deformationapproachof [MKN � 04], wherea high-
resolutionsurfaceis embeddedwithin a low-resolutionsim-
ulationdomain.Werendersuchadeformablemodelby con-
structingandmaintainingaboundingspherehierarchy to ac-
celerateray-surfaceintersections.Renderingperformanceis
greatly improved by exploiting different aspectsof spatial
andtemporalcoherence:

� Thecompactrepresentationof thedeformationallowsef-
�cient local updatesof thespherehierarchy by bounding
thedeviationof thedisplacementsof thesurfaceelements.

� The surfacerepresentationand correspondingbounding
spheretreearemaintainedin a lazy fashionwhentheob-
ject is deformed.Only thoseelementsareupdatedthatpo-
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tentiallyexperiencearayintersection,while otherpartsof
themodelremainunchanged.

� For eachray, we �rst testagainst the intersectedsphere
nodefrom the previous time step.This givesa goodup-
perboundfor thecurrentintersectiondepth,signi�cantly
culling thenumberof spheresto beupdatedandtestedfor
intersection.

We also presenta novel techniquefor renderingsharp
edgesandcornersin point-sampledmodelsby introducing
anew surfaceclippingalgorithm.

2. RelatedWork

Raytracing Point-Sampled Geometry. Schau�er and
Jensen[SJ00] were the �rst to proposea ray-surface in-
tersectionalgorithm for point-sampledsurfaces.They de-
�ne the intersectionas a weightedaverageof disk inter-
sectionswithin a cylinder aroundthe ray. This leadsto a
slightly view-dependentsurface,which canbe problematic
whenrenderinganimations.AdamsonandAlexa [AA03b]
presenteda differenttechniquebasedon aniterative projec-
tion procedure.Therayis intersectedwith sphereswhichen-
closethesurface,andinsidethesphereswith local polyno-
mial surfaceapproximations.As a result,their surfacedef-
inition is view-independent.Our surfaceintersectionalgo-
rithm is basedon their follow-up work [AA03a] (seealso
[AA04]) on approximatingand intersectingsurfacesfrom
points.Thesurfaceis implicitly de�ned basedonnormaldi-
rectionsandweightedaveragepoint positions.The coreof
theintersectionalgorithmconsistsof threesteps.First,asup-
portplaneis constructedusinganapproximatenormaldirec-
tion. Thena polynomialapproximationis constructedover
the supportplaneservingas a local approximationof the
surface.Finally, theray is intersectedwith this polynomial.
This procedureis repeateduntil convergence.As a spatial
datastructurethey usea boundingspherehierarchy which
hasshown to beveryeffective.[AAN05] proposesanexten-
sionof this schemeto speedup ray-surfaceintersectionsby
exploiting image-andobject-spacecoherence.Surfaceinter-
sectionpointsareusedto constructview-dependentbilinear
surfaceapproximations,which arerenderedasquadson the
GPUusingforwardprojection.Thesepatchesarereusedin
consecutive frames,leadingto performancegainsof up to
50%for non-deformingobjects.

Accelerated Raytracing. As reviewing all of the acceler-
ation techniquesis out of the scopeof this paperwe refer
to [Gla88], [Gla89], [Shi00], and [3DO] and the excellent
stateof the art reporton real-timeraytracingby Wald and
coworkers[WPS� 03]. Most relevantto thispaperis thesec-
ondpartof their reportwherevariousapproachesto acceler-
ateraytracingin dynamicenvironmentsarediscussed,e.g.,
[RSH00], [LAM01] and [WBS03]. However, most of this
work focuseson (hierarchical)motion,wherewholegroups
of trianglesaremovedunderthesameaf�ne transformation.

Our techniqueon theotherhandfocuseson highly detailed
point-sampledsurfaceswhichdeformin afree-frommanner.

We exploit temporal coherenceusing a lazy updating
schemesimilar to [MSH� 92]. They use an octreeaccel-
erationdatastructure,which is only built up to a certain
level in eachframe.Nodesat lower levelsareonly updated
whennecessary. In oursetting,spherenodesof thebounding
spherehierarchy andsurfacepatchesareonly updatedwhen
queried,i.e. testedfor ray intersection.

A cachingschemesimilar to ours is used in [AK87],
where recently referencedhypercubesare cachedand re-
trievedfor intersectiontestingin thenext timestep.Westore
per-ray intersectedspherenodesfrom frame to frame and
testcachedspheresfor intersection�rst. Thisallowsef�cient
culling of unnecessaryspherenodesfor increasedrendering
performance.

Finally, the updateof our boundingspherehierarchy is
inspiredby thetechniquepresentedin [JP04]. By bounding
thedeformationof thesurfacewithin eachsphere,a conser-
vativeestimateof theupdatedsphereradiuscanbecomputed
for eachtimestep.

3. SurfaceAnimation

Our methodfor renderingdeformableobjectsis basedon
theanimationframework of [MKN � 04] thatallowsphysics-
basedsimulation of elastically and plastically deforming
solids.To solve theequationsof continuummechanics,the
simulationvolumeis discretizedwith a setf p jg of simula-
tion nodes(seeFigure1, left). Theboundarysurfaceof the
solid is representedby a (typically muchlarger)setf sig of
surfaceelements(surfels).Whendeformingthematerial,the
displacementsof the surfelsare determinedfrom spatially
adjacentsimulationnodesusingafree-formdeformationap-
proach.In principle,however, our renderingalgorithmcan
be usedwith any animationmethodthat appliesthe idea
of anembeddedsurface,e.g.,mass-springbasedsystemsor
FEM-basedapproaches.

Initially, we assignto eachsurfel si a setof neighboring
simulationnodesp j (seeFigure1, middle).After ananima-
tion step,thenew positionx0

si of si is computedusinga �rst
orderaccurateapproximationof thedisplacementsup j of the
neighboringsimulationnodesp j as[MKN � 04]:

x0
si = xsi + å

p j

whi
xsi ;xpj

(up j + r T
u up j dxsi ;xpj

); (1)

where dx;y = y � x, wh
x;y = wh

x;y=å y wh
x;y, and wh

x;y is a
smoothlydecayingweight function with supportradiush.
Weusethecompactlysupportedradialsplinefunction

wh
x;y = w(r) =

(
1� 6r2 + 8r3 � 3r4 r � 1

0 r > 1;
(2)

wherer = (kx � yk)=h. We reusethe MLS approximation
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simulation

bounding
sphere

surfelssi nodesp j xcR

Figure 1: Left and middle: the surfels are embeddedin
the simulationdomain.Right: boundingsphere. Note that
the simulationnodesare not necessarilycontainedby the
sphere.

of r uup j , which is computedwhensolving the continuum
mechanicsequationsasdescribedin [MKN � 04]. Similar to
[PKKG03], both the surfel centerand its tangentaxes are
deformed,yielding thedeformedsurfelnormaln0

si .

By de-couplingthe samplingof the simulationdomain
from thesamplingof theboundarysurfaces,this methodal-
lows ef�cient animationof highly detailedmodelsusingthe
smoothdisplacement�eld u. We exploit theimplicit spatial
coherencefor ef�cient updatesof theboundingspherehier-
archy, aswill bediscussedbelow.

4. RenderingFramework

In thissection,wedescribetherenderingframework thatwe
useto generatesubsequentframesof ananimatedmodel.We
�rst discusstheboundingspherehierarchy usedtoaccelerate
ray-surface intersections.Next, we outline the ray-surface
intersectionalgorithmwhich is at thecoreof our rendering
algorithm.We describehow renderingtime canbereduced
by cachingof per-ray intersectedspherenodes,beforewe
introduceclipping relationsfor renderingsharpedgesand
corners.Finally, we discusshow theseindividual piecesare
integratedto yield an ef�cient raytracingalgorithmfor de-
formingpoint-sampledsurfaces.

4.1. Bounding SphereHierar chy

To acceleratethe ray-surface intersectiontests,we use a
boundingspherehierarchy [AA03b]. The hierarchy is only
built oncefor the undeformedobjectanddynamicallyup-
datedin eachtime stepto conformwith the deformedob-
ject [JP04].

4.1.1. Initial SphereHierar chy

The hierarchy is built top-down starting with a sphere
wrappedaroundall surfels.Eachsphereis recursively split
into two child spheresuntil eventuallyaspherecontainsonly
onesinglesurfel.Splitting is doneaccordingto theplanede-
�ned by thelongestaxisof thesurfels'boundingbox,simi-
lar to [RL00]. We computethe initial spherecentersxc and
optimalradii R usingtheminiball algorithmof [Gar99]. For
eachsphereboundingsurfelssi , we alsokeepa list of the
simulationnodesp j thatde�ne thedisplacementof thesur-
felssi (seeFigure1, right).

4.1.2. SphereUpdate

As building anew spherehierarchy in eachtimestepis com-
putationallytoo expensive,we dynamicallyupdatethehier-
archy built for theundeformedobjectusingthedeformation
�eld u(x) (seealso[JP04]).

Center Update.Thedisplacedspherecenterx0
c is computed

in thesamemanneraswe computethedisplacedsurfelpo-
sitions:

x0
c = xc + å

p j

wR
xc;xpj

(up j + r T
u up j dxc;xpj

) (3)

� xc + uc: (4)

Radius Update. The new radiusR0 is conservatively esti-
matedfrom themaximaldistancebetweenthedeformedsur-
fels (Equation1) andthenew spherecenter(Equation4) us-
ing basiclinearalgebraandthetriangleinequality:

R0 = max
si

kx0
si � x0

ck2 (5)

= max
si

k(xsi � xc) + å
p j

whi
xsi ;xpj

(up j � uc)

+ å
p j

whi
xsi ;xpj

r T
u up j dxsi ;xpj

k2 (6)

� max
si

kxsi � xck2 + å
p j

max
si

jasi ;p j jkup j � uck2

+ å
p j

max
si

kbsi ;p j k2kr T
u up j kF (7)

� R+ å
p j

A jU j + å
p j

B j r U j (8)

= R+ ATU + BT r U (9)

where asi ;p j = whi
xsi ;xpj

, bsi ;p j = whi
xsi ;xpj

dxsi ;xpj
, and

kr T
u up j kF is theFrobeniusnormof thedirectionalgradient

of the displacement.We can bring uc into the summation
sincetheweightswhi

xsi ;xpj
sumup to 1 by construction.The

entriesA j andB j remainconstantduringtheanimationand
canthusbe precomputedoncein the referencesystem(see
alsoSection4.1.3). Note that thecenterandradiusupdates
have time complexity linear in the numberof simulation
nodesassociatedwith a boundingsphere,not in thenumber
of boundedsurfels. This is important as the number of
simulationnodesis typically muchsmallerthanthenumber
of surfels.Theradiusupdateis alwaysdonewith respectto
the initial (optimal) boundingspheres,i.e., the radiuscan
both increaseanddecreaseover time. Thespherehierarchy
thusmaintainsits tight �t even for highly elasticmaterials
thatexpandandshrinksigni�cantly duringananimation.

Theaboveupdatesof thespherecenterandradiusareonly
performedfor non-leafnodes.Sinceeachleafnodeboundsa
singlesurfel,wecanusetheupdatedsurfel'sposition(Equa-
tion 1) andcomputetheupdatedradiusfrom thesurfel'sde-
formedtangentaxes.
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x x + u

x0
p j

up j

up j

R � t
xp j

Figure 2: Left: thedisplacementsare computedrelativeto
thereferencesystem.Right: thedisplacementsarecomputed
relativeto theoptimally transformedreferencesystem.This
resultsin smallerrelativedisplacements.

4.1.3. Optimal Rigid Transformation

As illustratedin Figure2, thedisplacementsu of surfelsand
simulationnodesarecomputedrelative to the undeformed
positionsx. The latter are de�ned in the referencesystem
(materialcoordinates),while the displacedpositionsx0 are
speci�ed in the deformedsystem(world coordinates).Al-
thoughtheboundingradiusupdateof Equation9 is invariant
underuniformtranslations(sincethenU j = 0 andr U j = 0),
thesphereradii grow underuniformrotations.

We canaddressthis problemby factoringout theoptimal
rigid transformation. After eachiteration,we transformthe
referencesystemrigidly by computingtheoptimalglobalro-
tationandtranslationbasedongeometricalgebra[LFDL98],
similar to [TW88]. Thiswill align thetransformedreference
systemascloselyaspossiblewith thedeformedsystem,re-
sultingin smallerU j 'sandr U j 'sandthusin smallerbounds
for theupdatedspherenodes(seeFigure2, right).

Translation. Theoptimaltranslationt = x0
m � xm is thedif-

ferencebetweenthe centersof massx0
m = å p j

mp j x
0
p j and

xm = å p j
mp j xp j of thedisplacedandthereferencesimula-

tion nodesrespectively, wheremp j = mp j =å p j
mp j , andmp j

is themassof asimulationnodep j .

Rotation. Theoptimal rotationR = VUT is computedin a
leastsquaressenseby computingthesingularvaluedecom-
positionof F = UWVT , where

F = å
p j

m2
p j (xp j � xm)(x0

p j � x0
m)T : (10)

This linear transformationis appliedto the referencepo-
sition of all simulationnodes,surfelsandboundingsphere
centerswhenusedduringraytracing.Thequantitiesdx;y and
wh

x;y remainconstantunderrigid transformationsandthere-
foretheentriesA j andB j of Equation9 needto becomputed
only onceasdiscussedbefore.

4.1.4. Tightnessof RadiusUpdate

For theexamplegiven in Figure6, theupdatedradiusis on
average4 timeslargerthantheradiusof thesmallestsphere
wrappedaroundthedeformedpoints(usingthealgorithmof
[Gar99]). If welook atthelowestlevels,theratio is only 1.0,

 0

 5

 10

 15

 20

 0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23

A
ve

ra
ge

 T
ig

ht
ne

ss
 R

at
io

Level

Equation 9
Equations 9 and 11

ideal

Figure3: Averageratio of updatedsphereradiusandradius
of smallestenclosingsphere at all levels(level 0 is theroot
node)for thecannonball armadillosequence(Figure 6).

R00

x0
cx0

c

R0

R0
1

x0
c1

R0
2 x0

c2

Figure 4: Left: Theparent and child spheresare updated
accordingto Equations4 and9. Right: In thiscase, a tighter
boundfor theparent's radiuscanbefoundby lookingat the
children's radii usingEquation11.

1.2,1.2, . . . . However, if we go up thehierarchy, theradius
estimatedependson moreandmoresimulationnodesand
thereforethis ratio increasesto up to 20.0for theroot node
(seeFigure3). In our setting,this is somewhatproblematic
asthesespheresarealsothebiggestonesandarethushit by
many raysduringraytracing.

To alleviatethisproblem,wecomputeasecondconserva-
tive radiusestimateR00, andchoosethesmallestof the two
estimatesto updatethe boundingsphere.Assumethat both
child nodesof a spherehave alreadybeenupdatedin the
currentanimationstep.Let x0

c1, x0
c2 andR0

1, R0
2 bethecorre-

spondingupdatedspherecentersandradii, respectively. We
know that thesurfelsin theparentnodeareboundedby the
unionof thetwo child spheres.As illustratedin Figure4, we
canthuscomputeR00as

R00= max(kx0
c � x0

c1k + R0
1;kx0

c � x0
c2k + R0

2): (11)

Sincethe time complexity of this expressionis constant,
theadditionalradiusestimatecomesessentiallyfor free,as
comparedto theestimatein Equation9, whichhastimecom-
plexity linear in thenumberof associatedsimulationnodes.
If oneof the children is not updatedyet in this animation
step,wechooseR0astheradiusupdate,otherwisewechoose
min(R0;R00).

Thecombinationof thesetwo boundsleadsto anaverage
increaseof thesphereradiusby only a factorof 1.9ascom-
paredto the tightestpossiblesphere.For the highestlevel,
i.e. theroot sphere,theaverageratio dropsto 2.1 insteadof
theaforementioned20.0(seeFigure3). This resultsin 48%
lessunnecessaryray-sphereintersectiontestsonaverage.
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4.2. Ray-SurfaceIntersections

Westartby brie�y describingtheray-surfaceintersectional-
gorithm for point-sampledsurfaces.Next, we demonstrate
how we exploit temporalcoherenceto increasethe perfor-
manceof intersectiontests.

4.2.1. Intersection Algorithm

When a ray hits a leaf node,we intersectit with the el-
lipse de�ned by the node's surfel.This intersectionpoint x
servesasan initial guessfor the following iterative proce-
dure[AA04]:

� Computetheweightedaveragea(x) of thedeformedsur-
fel positionsandtheweightedaveragen(x) of surfelnor-
malsin theneighborhoodof x within adistanceh:

a(x) =
å si

wh
x;x0

si
x0

si

å si
wh

x;x0
si

; n(x) =
å si

wh
x;x0

si
n0

si

kå si
wh

x;x0
si
n0

si k
: (12)

Thesede�ne aplanef (x) = n(x)T (x � a(x)) = 0.
� Testfor convergence.Theiterative intersectionalgorithm

hasconvergedif j f (x)j < e. If notconverged,intersectthe
raywith thisplane.Thisyieldsanew intersectionpointx0.
If x0 fallsoutsidethenode'sboundingsphere,theiteration
is stoppedandtheintersectionpoint is rejected.

� Repeattheabovestepsuntil convergence.

As shown in [AA03a] this procedurequickly converges
dependingon the initial guess.In our exampleswe need3
iterationsonaveragebeforeconvergence.

We avoid expensive nearestneighborqueriesby using
a static surfel neighborhoodfor the leaf nodes.The sur-
fel neighborsare precomputedin the undeformedsystem.
Whenever a ray hits a leaf nodewe usethestoredsurfelssi
asneighborsfor the initial intersectionpoint. Note that the
weightswh

x;x0
si

arecomputedagainstthecurrentintersection

point, not againstthecenterof the leaf node.For theexam-
plesgiven in this paperwe used�x edneighborhoodsof 16
surfels.

4.2.2. SphereNodeCaching

We canreducethe numberof ray-sphereintersectiontests
by cachingintersectedspherenodesfrom frame to frame.
For eachray we storethe spherenodewherewe found the
closestintersectionpoint (i.e. the one with the smallestt-
value).In thenext frame,we �rst testfor intersectionusing
this cachedspherenode(if thereis any). In many casesthis
givesusagoodupperboundfor theintersectiondepthof the
ray. Next, we testagainsttheroot nodeanddescendthehi-
erarchy asusual.However, thanksto theupperboundof the
intersectiondepth,many more spheresare trivially culled
resultingin lesssphereupdatesand lessray-surfaceinter-
sectiontests.We experienceda decreaseof 27%on average
in the numberof performedintersectionteststhanksto the
spherenodecaching.

4.3. Clipping

To be able to rendersharpedgesand cornerswe have in-
corporateda new clipping technique.Surfelsaregroupedin
surfelcollectionsbetweenwhichweexplicitly storeclipping
relations.Supposewe have a sharpedgede�ned asthe in-
tersectionof two surfacesS1 andS2. Whenever a ray inter-
sectsasurfelof surfaceS1 wetestif theintersectionpoint is
clippedby surfaceS2. If so,theintersectionis rejected.

To beableto performtheclipping test,we storefor each
surfel of S1 the two nearestsurfels of S2 and vice versa
(theseareprecomputedandcachedfor theundeformedsur-
faces).Clipping is performedusing thesetwo nearestsur-
fels of the other surface using the techniqueproposedin
[WTG04]. Note that clipping is donein (deformed)object
space,asopposedto [WTG04] whereclipping is performed
in imagespace.This hasthe advantagethat we areableto
anti-aliasthesharpedgesandcornersbysuper-sampling(see
Figure8).

4.4. Putting It All Together

In this sectionwe describehow the individual piecesde-
scribedabove arecombinedto yield the �nal renderingal-
gorithmfor deformablemodels.

Precomputation. For each surfel si compute its surfel
neighbors.If there are clipping relations,precomputethe
clippingneighborsfor therelevantsurfels.Also computethe
simulationnodesp j andthecorrespondingweightswhi

xsi ;xpj

that de�ne the displacementof si . Build the initial bound-
ing spherehierarchy for the undeformedobject. For each
spherekeepa list of simulationnodesp j usedby thesurfels
boundedby thesphereandkeepthecorrespondingweights
wR

xc;xpj
. Precomputethe entriesin A andB for eachsphere

(Equation9).

Rendering. For eachray, test for intersectionagainst the
cachedspherenodebeforetestingagainst the whole hier-
archy. Whena nodeis visited for the �rst time, updatethe
centerandthe radiususingEquations4 and9. If a nodeis
alreadyvisitedbefore,updatetheradiususingEquation11,
if possible.When eventually the ray hits a leaf node,up-
datethe surfel si correspondingto this nodeand its surfel
neighborsusing Equation1 (if not alreadydonebeforein
this time step).For leaf nodeswe usethe centerof the as-
sociatedsurfel asthe centerof the sphere.Intersectthe ray
with theellipsede�ned by si . Performtheiterative intersec-
tion algorithm.If necessary, checkwhetherthe intersection
point is rejectedby oneor moreclippingsurfaces.

Notethatboththeupdateof thespherenodesandtheup-
dateof thesurfelsaredonein a lazymanner. Only thenodes
andsurfelsvisited in this time stepareupdated,leadingto
additionalsavingsin computationtime.

Optimization For Shadow Rays. Whentraversingthe hi-
erarchy for shadow rays,we canreducethe numberof ad-
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Model #Surfels #Sim.Nodes #Spheres #Levels

Armadillo 170k 453 346k 23
Goblin 100k 502 200k 24

CSGHead 91k 253 182k 23
ElasticBall 6k 88 10k 14

Table 1: Samplingstatisticsfor thedifferentmodelsusedin
our examples.

ditional spheresto be updated.If a shadow ray intersectsa
parentsphereof whichonly onechild is alreadyupdated,we
�rst testtherayagainsttheupdatedchild.As for shadow rays
any intersectionpoint counts(i.e. we do not have to search
for theclosestone),mostof thetime theotherchild branch
doesnothave to beupdatednor traversed.

5. Results

Wehave testedour implementationusingfour animationse-
quences,all renderedat a resolutionof 512 by 384 pixels.
The samplingstatisticsare given in Table 1, averageren-
deringtimes(averagedover 3 runson a Pentium4, 3GHz,
512Mbram)areindicatedin Figure5.

The �rst animationshows the armadillo being hit by a
cannonball (Figure 6). As can be seenon the left plot in
Figure5, weachieveanaveragespeedupof a factor2.1(8.5
secondsper framecomparedto 18.5secondsper frameon
average)comparedto thenaive technique,wherethesphere
hierarchy is rebuilt in eachtime step.In the beginning and
endof the animationwe clearly gain from cachingsphere
nodesastheobjectdoesnotdeformsigni�cantly. In themid-
dle of theanimationwe alsogain from the fact thata large
part of the armadillo is occludedby the cannonball. This
resultsin lessspherenodeandsurfaceupdates.

The secondsequenceshows a goblin creaturepracticing
gymnasticson theparallelbars(Figure7). Timing statistics
aregivenon thesecondgraphin Figure5. Again,we obtain
a speedupof a factor2.1 (6 secondsper framecomparedto
12.8secondsperframeonaverage).In thissequencewegain
from thefact that largepartsof thegoblin areself-occluded
anddo not have to be updatedfrom frameto frame.Note
thatthemiddlecurve touchestheuppercurve aroundframe
160.Herethe goblin is deformedthe most,resultingin the
worst�t of theboundingspherehierarchy.

The third sequenceshows three bouncing heads(Fig-
ure8). Eachheadconsistsof threesurfacesbetweenwhich
explicit clipping relationsarede�ned (seeSection4.3). The
timings on Figure5 indicatea speedupof a factor2.2 (19
secondsper framecomparedto 42.8secondsper frameon
average).

Finally, the last animationshows 40 elasticballs being
thrown insidea hollow cube(seeFigure 9). Thanksto the
dynamicsphereupdatesandthespherenodecachingweob-
tain anaveragespeedupof a factor3 comparedto thenaive

technique(15secondsperframecomparedto 45secondsper
frameonaverage).

6. Discussionand Futur eWork

As demonstratedin Figure5, exploiting spatialandtempo-
ral coherenceleadsto signi�cant performancegainsover the
naive approach.Speedupsareparticularlyhigh if the num-
berof surfelsis largecomparedto thenumberof simulation
nodes,sincesphereupdatesarelinearin thenumberof simu-
lation nodes.Our methodalsoperformswell for animations
wherelarge partsof the surfaceareoccludedandthusnot
touchedby any rays(e.g.for theanimationof Figure9).

Situationsmayarisehoweverwherere�tting (partsof) the
spherehierarchy ismoreef�cient thanlazyupdating.As lazy
updatingresultsin sub-optimalboundingspheres,it alsore-
sults in more ray sphereintersectiontesting comparedto
the optimal spherehierarchy. Our experimentsshowed that
thebreak-evenpoint (speedupof 1) variessigni�cantly with
the speci�c sequence.Therefore,onemight want to devise
heuristicsto decidewhetherto uselazy updatingor to per-
form a(full) spherehierarchy update.

Storingandreusingspatialandtemporalproximity infor-
mation naturally leadsto increasedmemoryconsumption.
The main bottlenecksare the spherenodes:for eachnode
we keepa list of simulationnodesand the corresponding
weights wR

xc;xpj
, and entriesA j and B j (seeEquation9).

However, for the armadillosequence,whereall the surfels
have 16 simulationnodeneighbors,the spherenodeshave
to storeonly 16.4simulationnodeson average,sincechild
nodessharetheir simulationnodeswith the associatedsur-
fels. Storing static surfel neighborhoodsrequiresan addi-
tional16pointerspersurfel.For thecachingof per-rayinter-
sectedspherenodeswe cantradeoff cachesizewith cache
hit rateby settingamaximumcachesize.

Memory overheadcan be signi�cantly reducedwhen
many instancesof the samemodel are presentin a scene
(e.g.the animationsof Figures8 and9). In suchcases,we
can reusethe same(undeformed)spherenode hierarchy,
even if the individual instancesdeform differently. Since
the weightswR

xc;xpj
, entriesA j and B j , and neighborhood

relationsare constantover all instances,we only needto
storethepropertiesof thedeformedsimulationnodes,sphere
nodes,andsurfelsfor eachinstance.

Tighter boundson the radiusupdatecould be obtained
usinga hierarchicalapproachwhencomputingthe optimal
rigid transformation(seeSection 4.1.3). Insteadof com-
puting a single transformationfor the whole object, one
could segment the simulation nodesin different setsand
computean optimal transformationfor eachset similar to
[MHTG05]. For example,the model of Figure 7 could be
split into two sets,onefor the body andonefor the hands.
This yieldssmallersimulationnodedisplacementsandthus
smallerboundsfor theupdatedradii.
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Currently, our methodis only suitablefor animatedmod-
elswith �x edtopology. For highly dynamicsubstances,such
asfracturingsolidsor �uids, ourcachingschemeswouldfail
sinceneighborhoodrelationschangetoo frequently. How-
ever, we plan to extendour methodwith dynamicup- and
down-samplingof surfels and simulation nodesto better
handlemodelsthatexperienceextremedeformations.As re-
samplingis oftena very localizedoperation,we expectthat
updatingof cachedneighborswill befairly ef�cient.

We want to stressthateven thoughour methodis imple-
mentedin thecontext of apoint-basedanimationframework,
ourdynamicspherehierarchy canalsobeusedfor othersur-
facerepresentations.For example,if theboundarysurfaceof
thesolid is givenasapolygonalmeshembeddedin anFEM
simulationgrid [MG04], thesamealgorithmscanbeusedby
applyingthedeformation�eld to themeshvertices.

7. Conclusion

Wehave introducedanew methodfor ef�cient raytracingof
animatedpoint-sampledsurfaces.Centralto ourmethodis a
dynamicboundingspherehierarchy thatis usedto accelerate
ray-surfaceintersectiontests.By de-couplingthe sampling
of thesimulationdomainfrom thesamplingof theboundary
surfaces,we areableto updatethe hierarchy by only look-
ing at the deformationof the simulationnodes.Moreover,
the updateis donein a lazy manner, only touchingspheres
andsurfelsthatareactuallyusedduringrendering.Weshow
how this dynamicupdateand additionalcachingof inter-
sectedspherenodesleadto anef�cient raytracingalgorithm
obtainingspeedupsof over a factorof 2 comparedto exist-
ing techniques.Finally, our methodincorporatestherender-
ing of sharpedgesandcornerswhich areexplicitly de�ned
usingsurfaceclipping relations.
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Figure 5: Timing statisticsfor the different sequences.From left to right: cannonball armadillo sequence, gymnasticgoblin
sequence, bouncingheadssequenceand elasticballs sequence. Thestraight lines representthe average renderingtime over
all frames.Theuppercurveis the timing without consideringany coherence. Themiddlecurveis timedusingour technique
withoutspherenodecachingenabled.Thelowercurveshowstheaveragetimeper frameemployingall accelerationtechniques
presentedin thispaper.

Figure6: Four framesof thecannonball armadillosequence.

Figure7: Four framesof thegymnasticgoblinsequence.

Figure8: Four framesof thebouncingheadssequence.

Figure9: Four framesof theelasticballs sequence.
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